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Graphs, Networks and Natural Reality 
— from Intuitive Abstracting to Theory 


Linfan MAO 
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2. Academy of Mathematical Combinatorics & Applications (AMCA), Colorado, USA 


E-mail: maolinfan@163.com 


Abstract: In the view of modern science, a matter is nothing else but a complex network 
G, ie., the reality of matter is characterized by complex network. However, there are no 
such a mathematical theory on complex network unless local and statistical results. Could we 
establish such a mathematics on complex network? The answer is affirmative, i.e., mathemat- 
ical combinatorics or mathematics over topological graphs. Then, what is a graph? How does 
it appears in the universe? And what is its role for understanding of the reality of matters? 
The main purpose of this paper is to survey the progressing process and explains the notion 
from graphs to complex network and then, abstracts mathematical elements for understand- 
ing reality of matters. For example, L.Euler’s solving on the problem of Konigsberg seven 
bridges resulted in graph theory and embedding graphs in compact n-manifold, particularly, 
compact 2-manifold or surface with combinatorial maps and then, complex networks with 
reality of matters. We introduce 2 kinds of mathematical elements respectively on living 
body or non-living body for self-adaptive systems in the universe, i.e., continuity flow and 
harmonic flow Gt which are essentially elements in Banach space over graphs with operator 
actions on ends of edges in graph es We explain how to establish mathematics on the 2 
kinds of elements, i.e., vectors underling a combinatorial structure G by generalize a few 
well-known theorems on Banach or Hilbert space and contribute mathematics on complex 
networks. All of these imply that graphs expand the mathematical field, establish the foun- 
dation on holding on the nature and networks are closer more to the real but without a 
systematic theory. However, its generalization enables one to establish mathematics over 


graphs, i.e., mathematical combinatorics on reality of matters in the universe. 


Key Words: Graph, 2-cell embedding of graph, combinatorial map, complex network, 


reality, mathematical element, Smarandache multispace, mathematical combinatorics. 


AMS(2010): 00A69,05C21,05C25,05C30 05C82, 15A03,57M20 


§1. Introduction 


What is the role of mathematics to natural reality? Certainly, as the science of quantity, 
mathematics is the main tool for humans understanding matters, both for the macro and the 


micro in the universe. Generally, it builds a model and characterizes the behavior of a matter 
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for holding on reality and then, establishes a theory, such as those shown in Fig.1. 






Hypothesis 


Induction 
—- & Testing Theory 


Experiment — (| & Deduction 


Observation 





Fig.1 


This scientific method on matters in the universe is completely reflected in the solving 
process of L.Euler on the problem of Konigsberg seven bridges. Geographically, the city of 
Konigsberg is located on both sides of Pregel River, including two large islands which were 
connected to each other and the mainland by seven bridges, such as those shown in Fig.2. 
The residents of K6nigsberg usually wished to pass through each bridge once without repeat, 
initialing at point of the mainland or islands. 


KONINGSBERGA 





However, no one traveled in such a way once. Then, a resident should how to travel for such a 
walk? L.Euler solved this problem, and answered it had no solution in 1736. How did he do it? 
Let A,B,C,D be the two sides and islands. Then, he abstracted this problem on (a) equivalent 
to finding a traveling passing through each lines on (b) without repeating. 





(a) (b) 
Fig.3 


Clearly, such a traveling must be with the same in and out times at each point A,B,C or D. 
But, (b) is not fitted with such conditions. So, there are no such a traveling in the problem on 
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Konigsberg seven bridges. 

Euler’s solving method on the problem of Konigsberg seven bridges finally resulted graph 
theory into beings today. A graph G is an ordered 3-tuple (V, £; I), where V, E are finite sets, 
VAO x I:E—VxYV. Call V the vertex set and EF the edge set of G, denoted by V(G) 
and E(G), respectively. For example, two graphs K (3,3) and Ks are shown in Fig.4. 


x 


K(3,3) Ks 


Fig.4 


Usually, if (u,v) = (v,u) for Vu, v € V(G), then G is called a graph. Otherwise, it is called 
a directed graph with an orientation wu — v on each edge (u,v), denoted by G. 

Let Gr = (Vi, Fi,h1), Go = (V2, Eo, Iz) be 2 graphs. If there exists a 1 — 1 mapping 
@:V, > V2 and ¢: E; > EF, such that ¢h(e) = Ind(e) for Ve € Ey with the convention that 
d(u,v) = (¢(u), (v)), then we say that G, is tsomorphic to Gz, denoted by G; & G2 and ¢ 
an isomorphism between G; and G2. Clearly, all automorphisms ¢ : V(G) — V(G) of graph G 
form a group under the composition operation, and denoted by AutG the automorphism group 


of graph G. A few automorphism groups of well-known graphs are listed in Table 1. 





Table 1 


Certainly, an edge e = uv € E(G) can be divided into two semi-arcs e,,,e, such as those 


shown in Fig.5. 


€ Divided into Cu €y 
U Vv u Vv 
Fig.5 


Similarly, two semi-arcs e,,, fy are called v-incident or e-incident if u = v or e = f. Denote 
all semi-arcs of a graph G by X1(G). A 1—1 mapping € on X1 (G) such that Veu, fo € X1(G), 


€(e,) and €(f,) are v—incident or e—incident if e,, and f, are v—incident or e—incident, is 
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called a semi-arc automorphism of the graph G. Clearly, all semi-arc automorphisms of a graph 
also form a group, denoted by AutiG. 

Certainly, graph theory studies properties of graphs. A property is nothing else but a 
family of graph, ie., Y = {G1, Go,--- ,Gn,---} but closed under isomorphisms ¢ of graphs, 
ie., G2 © Pif GE ZF. For example, hamiltonian graphs, Euler graphs and also interesting 
parameters, such as those of connectivity, independent number, covering number, girth, level 
number, --- of a graph. 

The main purpose of this paper is to survey the progressing process and explains the notion 
from graphs to complex network and then, abstracts mathematical elements for understanding 
reality of matters. For example, L.Euler’s solving on the problem of Konigsberg seven bridges 
resulted in graph theory and embedding graphs in compact n-manifold, particularly, compact 
2-manifold or surface with combinatorial maps and then, complex networks with reality of 
matters. We introduce 2 kinds of mathematical elements respectively on living or non-living 
body in the universe, i.e., continuity and harmonic flows Gt which are essentially elements 
in Banach space over graphs with operator actions on ends of edges in graph res We explain 
how to establish mathematics on the 2 kinds of elements, i-.e., vectors underling a combinatorial 
structure G by generalize a few well-known theorems on Banach or Hilbert space and contribute 
a mathematics on complex networks. 

For terminologies and notations not mentioned here, we follow references [1],[2] and [4] for 
graphs, [3] for complex network, [6] for automorphisms of graph, [24] for algebraic topology, 
[25] for elementary particles and [6],[26] for Smarandache systems and multispaces. 


§2. Embedding Graphs on Surfaces 


2.1 Surface 


A surface is a 2-dimensional compact manifold without boundary. For example, a few surfaces 
are shown in Fig.6. 





Sphere Torus Klein bottle 
Fig.6 


Clearly, the intuition imagination is difficult for determining surface of higher genus. How- 
ever, T.Rad6 showed the following result, which is the fundamental of combinatorial topology, 
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ro topological graphs on surfaces. 


Theorem 2.1(T.Rad6 1925,[24]) For any compact surface S, there exist a triangulation {T;, i > 
1} on S. 


T.Rado’s result on triangulation of surface enables one to present a surface by listing every 
triangle with each side a label and a direction, i.e., the polygon representation. Then, the surface 
is assembled by identifying the two sides with the same label and direction. This way results 
in a polygon representation on a surface finally. For examples, the polygon representations on 


surfaces in Fig.6 are shown in Fig.7. 











b b 
A : 
- a 
a aa a 
B 
b b 
Sphere Torus Klein bottle 
Fig.7 


We know the classification theorem of surfaces following. 


Theorem 2.2([24]) Any connected compact surface S is either homeomorphic to a sphere, or to 
a connected sum of tori, or to a connected sum of projective planes, t.e., its surface presentation 


S is elementary equivalent to one of the standard surface presentations following: 


(1) The sphere S? = (alaa~'); 
(2) The connected sum of p tori 


Pp 
THT’ #4. - #T? = aj,b;,1<i<p| Toacts"), 
er’ : 
t=1 
p 


(3) The connected sum of q projective planes 


q 
P?#P?...#P? = anl<ix<@| I). 
——$——S4 
q i=l 
A combinatorial proof on Theorem 2.2 can be found in [6]. By definition, the Euler 
characteristic of S is 
x(S) = |V(S)| — |E(S)| + |F(S)I, 


where V(S), E(S) and F(S) are respective the set of vertex set, edge set and face set of the 


polygon representation of surface S. Then, we know the next result. 
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Theorem 2.3([24]) Let S be a connected compact surface with a presentation S. Then 


2, if S~x S?, 
2-2p, if Svg, T?#T?#-.- #T’, 
——_—_——IO ee” 


p 
205 if S~p, P?#P?#---#P?. 
— ee” 


qd 


Theorem 2.3 enables one to define the genus of orientable or non-orientable surface S by 
numbers p and q, respectively, and the genus of sphere is defined to be 0. 


2.2 Embedding Graph 


A graph G is said to be embeddable into a topological space Y if there is a 1 — 1 continuous 
mapping 6: G— JF with d(p) # d(q) if p,q are different points on graph G. Particularly, if 
JZ =R? is a Euclidean plane, we say that G is a planar graph. 

A most interesting case on the embedding problem of graphs is the case of surface, which is 
essentially to search the polyhedral structures on surfaces. Clearly, many results on embedding 
graphs is on these surfaces with small genus. For example, embedding results on p = 0 the 
sphere, p = 1 the torus, --- of orientable surfaces, or on gq = 1 the projective plane, q = 2 
the Kein bottle, --- of non-orientable surfaces. The most simple case is embedding graphs on 
sphere which is equivalent to a planar graph, such as the dodecahedron shown in Fig.8. 


=> 


Dodecahedron Planar graph 
Fig.8 


We have known a few criterions on planar graphs following. 


Theorem 2.4(Euler,1758, [2]) Let G be a planar graph with p vertices, q edges and r faces. 
Then, p—q+tr=2. 


Theorem 2.5(Kuratowski,1930, [1]) A graph is planar if and only if it contains no subgraphs 
homeomorphic with Ks or K(3,3). 


A 2-cell embedding of G on surface S is defined to be a continuous 1-1 mapping 7: G— S$ 
such that each component in S \ 7(G) homeomorphic to an open 2-disk { (a, y) | x7 + y? < 1}. 
Certainly, the image 7(G) is contained in the 1-skeleton of a triangulation on the surface S. 
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For example, the embedding of Ay on the sphere and Klein bottle are shown in Fig.9 (a) and 
(b), respectively. 


U1 





U3 U4 


Fig.9 


There is an algebraic representation for characterizing the 2-cell embedding of graphs. For 
v € V(G), denote by N@(v) = {€1,€2,°-+ , ep) } all the edges incident with the vertex v. A 
permutation on ej, €2,°-* ,€p(y) is said to be a pure rotation and all pure rotations incident 
with v is denoted by o(v). Generally, a pure rotation system of the graph G is defined to be 
p(G) = {o(v)|v € V(G)} which was observed and used by Dyck in 1888, Heffter in 1891 and 
then formalized by Edmonds in 1960. For example, 


p( Ka) = {(uita, U1U3, u1U2), (uot, U2U3, ugua), (u3u1, U3U4, u3u2), (uaur, U4U2, uaus)}, 


p(K4) == {(uiva, U1U3, u1Ua), (uot, U2U3, ugua), (uzue, U3U4, u3ur), (uaur, U4U2, uaus) } 


are respectively the pure rotation systems for embeddings of K4 on the sphere and Klein bottle 
shown in Fig.9. 


Theorem 2.6(Heffter 1891, Edmonds 1960, [4]) Every embedding of a graph G on an orientable 
surface S induces a unique pure rotation system p(G). Conversely, Every pure rotation system 


p(G) of a graph G induces a unique embedding of G on an orientable surface S. 


Clearly, an embedding of graph G can be associated 0, 1 or 2-band respectively with 
vertices, edges and face on its surface. A band decomposition is called locally orientable if each 
0-band is assigned an orientation, and a 1-band is called orientation-preserving if the direction 
induced on its ends by adjoining 0-bands are the same as those induced by one of the two 
possible orientations of the 1-band. Otherwise, orientation-reversing. An edge e in a graph G 
embedded on a surface $ associated with a locally orientable band decomposition is said to be 
type 0 if its corresponding 1-band is orientation-preserving and otherwise, type 1. A rotation 
system p”(v) of v € V(G) to be a pair (J(v), A), where J(v) is a pure rotation system and 
\: E(G) — Zz is determined by X(e) = 0 or A(e) = 1 if e€ is type 0 or type 1 edge, respectively. 


Theorem 2.7(Ringel 1950s, Stahl 1978,[/4]) Every rotation system on a graph G defines a 
unique locally orientable 2-cell embedding of G — S. Conversely, every 2-cell embedding of a 
graph G — S defines a rotation system for G. 


8 Linfan MAO 


A 2-cell embedding of a connected graph on surface is called map by W.T.Tutte. He 
characterized embeddings by purely algebra in 1973 ([5], [26]). By his definition, an embedding 
M = (%4,8,P) is defined to be a basic permutation P, i.e, for any 7 € Xy,g, no integer k exists 
such that P*x = az, acting on Xq,g, the disjoint union of quadricells Ka of x € X (the base 
set), where kK = {1,a,(,a3} is the Klein group, satisfying the following two conditions: 


(1)aP =P-1a; 
(2) the group U7 = (a, G,P) is transitive on Va,. 


Furthermore, if the group UV; = (a@,P) is transitive on ¥,3, then M is non-orientable. 
Otherwise, orientable. 


For example, the embedding (%q,s,P) of graph K4 on torus shown in Fig.10. 








~y 
a 
z 
1 
Fig.10 
can be algebraic represented by 
Xa,8 = {25 Y, 2,U, vy Ww, ax, ay, az, au, Qu, aw, Bx, By, 


Bz, Bu, Bv, Bw, aBx, aBy, aBz, abu, aBv,abw}, 
Po = (x,y, z)(a8x,u, w)(a8z, au, v)(aBy, aBv, aBw) 


with vertices 
U1= Leas Y, z), (az, az, ay)}, 1S {(aBa, U, w), (Ga, aw, au)}, 
U3 = {(aBz, apu, v); (Gz, Qu, Bu)}, U4 = {(aBy, av, aBw), (By, Bw, Buy}, 


edges 
te; ae, Be, aBe}, e € 12; Y, z, U, v, wh 


and faces 


fi = {(z, u,v, aBw, aBa, y, aBv, a8z), (Bx, az, av, By, ax, aw, Bu, Bu}, 
fo {(z, aBu, w, aBy), (Bz, ay, Bw, au)}. 


I 


Two embeddings Mj = (¥3,g,P1) and Mz = (4% 4,P2) are said to be isomorphic if there 
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exists a bijection € 
E: Xi g— X29 


such that for Va € ¥) g, €a(x) = a€(x), €B(x) = GE(x), €Pi(x) = P2€(a). Particularly, if My = 
M2 = M, an isomorphism between M, and M2 is then called an automorphism of embedding 
M. Clearly, all automorphisms of a embedding M form a group, called the automorphism group 
of M, denoted by AutM. 


There are two main problems on embedding of graphs on surfaces following. 


Problem 2.1 Let G be a graph and S a surface. Whether or not G can be embedded on S? 


This problem had been solved by Duke on orientable case in 1966, and Stahl on non- 
orientable case in 1978. They obtained the result following. 


Theorem 2.8(Duke 1966, Stahl 1978,[4]) Let G be a connected graph and let GR(G), CR(G) 
be the respective genus range of G on orientable or non-orientable surfaces. Then, GR(G) and 


CR(G) both are unbroken interval of integers. 


Theorem 2.8 bring about to determine the minimum and maximum genus 7(G), yar(G) of 
graph G on surfaces. Among them, the most simple case is to determine the maximum genus 
ym (G) on non-orientable case, which was obtained by Edmonds in 1965. It is the Betti number 
B(G) = |E(G)| —|V(G)|+1. The maximum genus y,7(G) of G on orientable case is determined 
by Xuong with the deficiency €(G), i.e., the minimum number of components in G \ T for all 
spanning trees T in G in 1979. However, it is difficult for the minimum genus 7(G), only a few 
results on typical graphs. For example, the genus of K, and Km, n are listed following. 


Theorem 2.9(Ringel and Youngs 1968, [4]) The minimum genus of a complete graph is given 
by 


Theorem 2.10(Ringel 1965, [4]) The minimum genus of a complete bipartite graph is given by 


K(mn)) = |S) mn da, 


Problem 2.2 Let G be a graph and S a surface. How many non-isomorphic embeddings of G 
on S'? 


This problem is difficult, only be partially solved until today. However, the following simple 
result enables one to enumerate rooted embeddings, where an embedding (¥q,8,P) is rooted 
on an element r € Xq,g if r is marked beforehand. 


Theorem 2.11([5],[6]) The auotmorphism group of a rooted embedding M, i.e., AutM" is 


trivial. 


Theorem 2.12([5],{6]) |AutM/| | |¥o,e| = 4e(14). 
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A root r in an embedding M is called an i-root if it is incident to a vertex of valency 7. Two 
i-roots 11,12 are transitive if there exists an automorphism 7 € AutM such that r(r1) = ro. 
Define the enumerator v(D, x) and the root polynomials r(M,x), r(M(D), x) as follows: 


v(D, x) = se ina’; r(M,x) = Sor(M, i)a*, 


i>1 i>1 


where r(M,i) denotes the number of non-transitive i-roots in M. 
Theorem 2.12 enables us to get the following results by applying the enumerator and root 
polynomial of M. 


Theorem 2.13(Mao and Liu, [21]) The number r° (I) of non-isomorphic rooted maps on ori- 


entable surfaces underlying a simple graph T is 


2(T) TT (p(w) -1)! 
veV(T) 


O a 
es |AutD| , 


where e(T),o(v) denote the size of T and the valency of the vertex v, respectively. 


Theorem 2.14(Mao and Liu, [22]) The number rN (I) of rooted maps on non-orientable surfaces 
underlying a graph T is 
QPS 260) Te) = 1M 

veEV(l) 


rN (r) = 
| Auta] 


For a few well-known graphs, Theorems 2.13 and 2.14 enables us to get Table 2. 


n—-1 
1 
(n—2)!1"—* (2 —1)(n—2)!"-1 
Kn (m= 1)!"¥m = aym—2 | (grm—m—n42 — 2) (m= YH = YE 
Kan (n—1)!?"-2 (27? -2n+2 _ 1)(m — 1)|2n-2 
(an)! (gn+i _ 4) 2m! 


2n! 


(m—1)(n—2) 
2 


Inn! 


(n —1)! (2"—1)(n—1)! 
Dp!" (k ty) (n4 BD CG at 1)! (ar tktl_qy(n Pie Greek 1)!(n+2I-1)! 


Dok (n+2k)(n4+2k—1)!? (2°+2k _1)(n42k)(n+2k—1)!? 
Pn 22h nlkl2 22h nthe 


Dp 


n 














Table 2 


Apply the Burnside Lemma in permutation groups, we got the numbers of unrooted maps 
of complete graph K,, on orientable or non-orientable surfaces by calculating the stabilizer of 


each automorphism of complete maps. 
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Theorem 2.15(Mao, Liu and Tian, [23]) The number n?((Kn) of complete maps of order 


n> 5 on orientable surfaces is 


=i 


Shia y jy > ee 


kin k|n,k=0(mod2) (z)! k|(n—1),k#1 Al 


als 


and n(K4) = 3. 


Theorem 2.16(Mao, Liu and Tian, [23]) The number nN (Ky) of complete maps of order 


n,n > 5 on non-orientable surfaces is 


s oa —1)(n— 2)!% 


1 


k|n — k|n,k=0(mod2) 


BS HA RHY = yin 2) 


n—-1 
k|(n—1),kA1 
and n\ (K4) = 8, where, 
a if k= 1(mod2); tees). k = 1(mod2); 
a=) nea). ARE =) (n—tin—3) . ,_ 
a) if k= 0(mod2), oR”? if k= O(mod2). 


§3. Complex Networks with Reality 


A network is a directed graph G associated with a non-negative integer-valued function c on 
edges and conserved at each vertex, which are abstracting of practical networks, for instance, 
the electricity, communication and transportation networks such as those shown in Fig.11 for 
the high-speed rail network in China planed a few years ago. 








Harbin 
Urumai 
CHINA 
elit Qingdao 

Shanghai 

HIGH-SPEED 

RAIL LINES Kunming 

Planned —— 

Existing Nanning Guangzhou 

Fig.11 


Clearly, a network is nothing else but a labeled graph G” with L : E(G) — Z+. generally, 
a labeled graph on a graph G = (V, E;/) is a mapping 6, : VUE — L for a label set L, denoted 
by G". If6,:E—-@ or 6, :V > 9, then G® is called a vertex labeled graph or an edge labeled 


12 Linfan MAO 


graph, denoted by GY or G¥, respectively. Otherwise, it is called a verter-edge labeled graph. 
Similarly, two networks Gc Gy are equivalent, if there is an isomorphism ¢ : G; — G2 such 
that ¢(Li(x)) = Le((x)) for « € V(G1) U E(G2). 

It should be noted that labeled graphs are more useful in understanding matters in the 
universe. For example, there is a famous story, i.e., the blind men with an elephant. In this 
story, 6 blind men were be asked to determine what is an elephant looks like. The man touched 
the elephant’s leg, tail, trunk, ear, belly or tusk respectively claims it’s like a pillar, a rope, 
a tree branch, a hand fan, a wall or a solid pipe. Each of them insisted on his own and not 
accepted others. 





They then entered into an endless argument. All of you are right! A wise man explained to 
them: why are you telling it differently is because each one of you touched the different part 
of the elephant. What is the meaning of the wise man? He claimed nothing else but the looks 
like of an elephant, i.e., 


Anelephant = {4 pillars} Lk 1 rope} Ut 1 tree branch} 
U {2 hand fans} Uta wall} Uta solid pipe}. 


Usually, a thing T is identified with known characters on it at one time, and this process is 
advanced gradually by ours. For example, let wi, 2,--: , fn be the known and 1,7 > 1 the 
unknown characters at time t. Then, the thing 7 is understood by 


r= (Wie) U( Uta 


k>1 


in logic and with an approximation T° = U4 fui} at time t, which are both Smarandache 
multispace ((7],[26]). a 

What is the implications of this story for understanding matters in the universe? It lies 
in the situation that humans knowing matters in the universe is analogous to these blind men. 
However, if the wise man were L.Euler, a mathematician he would tell these blind men that an 
elephant looks like nothing else but a tree labeled by sets as shown in Fig.13, where, {a} =tusk, 
{b1, b2} =ears, {c} =head, {d} =belly, {e1, e2, e3, e4} =legs and { f} =tail with their intersection 
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sets labeled on edges. 





Fig.13 


For the case of Euclidean space with dimension> 3, the intuition tells us that to embed 
a graph in a of dimension is not difficult by the result following. However, it is obvious but a 
universal skeleton inherited in all matters. 


Theorem 3.1 A simple graph G can be rectilinear embedded, i.e., all edge are segment of 
straight line in a Euclidean space R” with n > 3. 


In fact, we can choose n district points in curve (t, t?, t?) of Euclidean space R? on n different 
values of t. Then, it can be easily show that all these straight lines are never intersecting. 
Whence, it is a trivial problem on embedding graphs of R°?. However, all matters are in 3- 
dimensional Euclidean space in the eyes of humans, i.e., the reality of a matter in the universe 
should be understanding on its 1-dimensional skeleton in the space. 

Then, what is the reality of a matter? The word reality of a matter T is its state as it actually 
exist, including everything that is and has been, no matter it is observable or comprehensible 
by humans. How can we hold on the reality of matters? Usually, a matter T is multilateral, 
i.e., Smarandache multispace or complex one and so, hold on its reality is difficult for humans 


in logic, such as the meaning in the story of the blind men with an elephant. 


For hold on the reality of matters, a general notion is 


Abstract 


Decompose ‘ : ¢ 
Microcosmic Particles ~ —+~ Complex Network. 


Matter 


For example, the physics determine the nature of matters by subdividing a matter to an irre- 
ducibly smallest detectable particle ([28]), i-e., elementary particles, which is essentially transfer 
the matter to a complex network such as those meson’s and baryon’s composition by quarks. 
Similarly, the basic unit of life or the basic unit of heredity are cells and genes in biology 
which also enables us to get the life networks of cell or genes. This notion can be found in all 
modern science with an conclusion that a matter = a complex network. Its essence of this notion 
is to determine the nature of irreducibly smallest detectable units and then, holds on reality 
of the matter. However, a matter can be always divided into submatters, then sub-submatters 
and so on. A natural question on this notion is whether it has a terminal point or not. On the 
other hand, it is a very large complex network in general. For example, the complex network of 
a human body consists of 5 x 10!4— —6 x 10! cells. Are we really need such a large and complex 


network for the reality of matters? Certainly not! How can we hold on the reality of matters 
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by such a complex network? And do we have mathematical theory on complex network? The 
answer is not certain because although we have established a theory on complex network but 
it is only a local theory by combination of the graphs and statistics with the help of computer 
([3]), can not be used for the reality of matters. 

However, we find a beacon light inspired by the traditional Chinese medicine. There are 
12 meridians which completely reflects the physical condition of human body in traditional 
Chinese medicine: LU, LI, ST, SP, HT, SI, BL, KI, PC, SJ, GB, LR. For example, the LI and 
GB meridians are shown in Fig.14. 





Fig.14 
All of these 12 meridians can be classified into 3 classes following: 


Class 1. Paths, including LU, LI, SP, HT, SI, KI, PC and LR meridians; 
Class 2. Trees, including GB, ST and SJ meridians; 
Class 3. Gluing Product of circuit with paths Cn © Pm, © Pm, including BL meridian. 


According to the Standard China National Standard (GB 12346-90), the inherited graph 


of the 12 meridians on a human body is shown in Fig.15. 
ST8 





KI1 LR1 SP1 ST45 GB44BL67 


Fig.15 12 Meridian graph on a human body 
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By the traditional Chinese medicine ([28]), if there exists an imbalanced acupoint on one of 
the 12 meridians, this person must has illness and in turn, there must be imbalance acupoints 
on the 12 meridians for a patient. Thus, finding out which acupoint on which meridian is in 
imbalance with Yin more than Yang or Yang more than Yin is the main duty of a Chinese 
doctor. Then, the doctor regulates the meridian by acupuncture or drugs so that the balance 
on the imbalance acupoints recovers again, and then the patient recovers. 

Then, what is the significance of the treatment theory in traditional Chinese medicine 
to science? It implies we are not need a large complex network for holding on the body of 
human. Whether or not classically mathematical elements enough for understanding complex 
networks, i.e., matters in the universe? The answer is negative because all of them are local. 
Then, could we establish a mathematics over elements underlying combinatorial structures? The 
answer is affirmative, i.e., mathematical combinatorics discussed in this paper. Certainly, we 


can introduce 2 kinds of elements respectively on living of non-living matters. 


Element 1(Non-Living Body). <A continuity flow G* is an oriented embedded graph 
Gina topological space associated with a mapping L : v > L(v), (v,u) > L(v,u), 2 
end-operators Af, : L(v,u) + L4%«(v,u) and At, : L(u,v) > L4*(u,v) on a Banach space 
over a field ¥ such as those shown in Fig.16, 


v Fig.16 u 


with L(v,u) = —L(u,v), Af,(—L(v,u)) = —L4%«(v,u) for V(v,u) € E (¢) and holding with 
continuity equation 
= 
S- [Av (v,u) = L(v) for Vu eV () : 
) 


ueNeg(v 


Element 2(Living Body). A harmonic flow G* is an oriented embedded graph Gina 
topological space .Y associated with a mapping L: v > L(v) —iL(v) for v € E (c) and L: 
(v,u) > L(v,u) —iL(v,u), 2 end-operators Ay, : L(v,u) —iL(v,u) > [Av (v,u) — iLAv (v, u) 
and At, : L(v,u) —iL(v,u) > [Aw (v,u) — iL Ave (v,u) on a Banach space # over a field F 
such as those shown in Fig.17, 


E(w) A L(v, u) +" iL(v, u) AX, 


v u 
Fig.17 


where i? = —1, L(v,u) = —L(u,v) for V(v,u) € E (¢) and holding with continuity equation 


S- (14% (v,u) — iLA% (v, u)) = L(v) —iL(v) 


ue Na(v) 


for Vu € V (¢). 
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Let Y be a closed family of graphs G under the union operation and let & be a linear 
space (¥;+4,-), or furthermore, a commutative ring, a Banach or Hilbert space (4;+,-) over a 





field ¥. Denoted by (Yg;+,-) and (GZ pits +,:) the respectively elements 1 and 2 form by graphs 
G€GY. Then, elements 1 and 2 can be viewed as vectors underlying an embedded graph G in 
space, which enable us to establish mathematics on complex networks and get results following. 


Theorem 3.2((9-10,14-18]) IfY is a closed family of graphs G under the union operation and 
B a linear space (B;+,-), then, (Ya;+,-) and (Y¥;+,-) with linear operators Af, Az, for 





VU? 


V(u,u) € E ( U @) under operations + and - form respectively a linear space, and further- 
GEeg 
more, a commutative ring if Z is a commutative ring (¥4;4+,-) over a field F 


Theorem 3.3(([9-10,14-18]) If Y is a closed family of graphs under the union operation and 
B a Banach space (B;+,-), then, (Ygit,-) and (Y%;+,-) with linear operators Af,,, Af, for 





VU?) 


25 

V(u,u) € E( U ) under operations + and - form respectively a Banach or Hilbert space 
Geg 

respect to that @ is a Banach or Hilbert space. 


A few well-known results such as those of Banach theorem, closed graph theorem and 
Hahn-Banach theorem are also generalized on elements 1 and 2. For example, we obtained 
results following. 


> RxR” 


Theorem 3.4(Taylor, [15]) Let Gre (Gi, 1<i< n) and there exist kth order derivative 


of L tot on a domain 9 CR, wherek>1. If At, At, are linear for V(v,u) € E (c), then 


k 
t-—t t—t = 
GE = Gee 4 SGU 4. LO GUM) 40 (ty *G), 


for Vto € B, where o (( - tier G) denotes such an infinitesimal term L of L that 


L 
lim EOE =0 for V(v,u)Eek () : 
t—to (t _ to) 
Particularly, if L(v,u) = f(t)cou, where Cy, is a constant, denoted by f(t)Gte with Lo: 
(v,uU) > Cou. for V(u,u) € EB (¢) and 
(t — to) (t = a 
1! 


(t — to)? 


Are a) ee 


f(t) = f(to) + f' (to) + Sf (to) +0 ((t- t0)*), 


then 











Theorem 3.5(Hahn-Banach, [19]) Let J be an element 2 subspace of G@ and let F: HZ — 
C be a linear continuous functional on HZ. Then, there is a linear continuous functional 
F: Ge — C hold with 
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(1) F (Gc) =F 6x) if GY’ « #2; 
(2) ||F || =F. 


For applications of elements 1 and 2 to physics and other sciences such as those of ele- 


mentary particles, gravitations, ecological system, --- etc., the reader is refereed to references 
[11]-[13] and [18]-[20] for details. 
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§1. Introduction 


Let &, be the class of functions f of the form 


1 oS 2 
f= 5+ DP an2", (pe N=1,2,3,---), (1) 
n=1—p 


which are analytic in the open disc E* = {z: z € C and 0 < |z| < 1}. Let S be the subclass of 
functions in &, which are univalent in EL. Let P be the class of functions p given by 


p(z)=1+ > pn 2” (2 € B), (2) 


which are analytic in the open disc FE’ and satisfy the condition: 
R {p(z)} > 0 (2 € E). (3) 


If f € &, and satisfies 





zf'(z) 
_R { 
f(z) 
then we say that f is meromorphic p-valent starlike of order 3 (0 < 3 < p) and we denote this 
class by HMS(p, 3). 


\ ae BOs 0<p), (4) 
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If f € &, and satisfies 





-nf1+ Ol s ge B0< 8 <p), (5) 


then we say that f is meromorphic p-valent convex of order @ and we denote this class by 
f € UMC(p, 8). 


A function f € Xp is said to be A-spirallike of order @ in the unit disk EF if 


-nferstO) 5 9, en, 0< <p, IN <9). 


f(z) 
In [8] Jackson introduced and studied the concept of the q-derivative operator 0, as 
follows f(z) — flaz) 
z)— f(qz 
Og f(z) = 3 eave (z#0, O<q<1, Of(0)=f'(0)). (6) 


Equivalently (6) may be written as 
Og} (2). 1 S- ily ae 2 BO, (7) 
n=2 


where [n]q = te, Note that as q— 1°, [n]qg — 7. 


Definition 1.1 A function f € Xp is said to be meromorphic p-valent A-q-spirallike functions 
of order 3 if it satisfies the following: 


-n fers) >B(z€E, |Al aS 0<6>pcosr, 0<q< 1), (8) 


we denote this class by UMS(p, », B,q). 


Definition 1.2 A function f € Xp is said to be meromorphic p-valent conver A-q-spirallike 


functions of order G3 if it satisfies the following 


a eid Oq(20qf(2)) 
m nf (2) 


we denote this class by UMC(p, , B,q). 


\>6@ex0<e<1) (9) 


Remark 1.1 f € MS(p,\,3,q) iff 


_e aoe = eee ae 


and f € MC(p,A, 8,q) iff 


gin ( B(28gF(D)) _, pet — (26 ~ pe“): 
( Onf (2) ) ee 
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§2. Main Results 


Theorem 2.1 If the sequence {Apiinke: defined by 


__ 2(8—pcos ») 
Ap = ola? 


2(8—pcosr m—-1 
Aptm = Brees (14 DPS} lapsel), me N, 


m=0, 


and p€ N. Then 





2(3 — pcos) ne" g+p— 2pcosa 


A n= >—aooOoOoOO OO 
pt 26+ [m+ pq + p— pcos? a p+ Al, 


9 


where m € No = N \ {0}. 


Proof By virtue of (12), we have 


p+ |[pt+m-+ 1]gApt+m+1 = 2(8 — pcos X) (: + S- Aner) ; 


and ; 
p+ [pt m]qgApim = 2(8— pcos X) (: + » Ayer) : 
k=0 
From (14) and (15), we have 


Apim+1 _ 26+ [m+ pla +p — 2pcosr ae: 
Aptm pt [p+m-+ lq 








A Aes. Aine 
Arg ee, See eee A 
PE: Ap+m-1 Ap4+m-—2 Ap 7 


_ 264+[m+p—1)g+p—2pcosX 26+ [pla +p—2pcosr 26 — 2pcos » 


p+ |[pt+mq p+ [pt 1q ' p+ [pla 


2(8 — pcos A) Noe [k+ pla tp- epee) 


SS ee EN). 
28+ [m+ pla tp— 2pcos A A p+ |ptklq ie ) 


The proof of Theorem 2.1 is completed. 


As q— 1-, we get the following result proved by Shi.et al. [13]. 


Corollary 2.1 If {Ap+m}9 defined by 


_ B=pcosxr 2 
Ap = Exposed, m=, 


Agi 20 pcos) (1 + YS lap!) , men, 


21 


(12) 


(14) 


(15) 


(16) 


(17) 














(18) 
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and p € N. Then 





A 2(8 — pcos) No k + 2p — 2pcos 
ptm S 354m + 2p—2pcos) | 2p+k 


9 


where, m € No = N \ {0}. 


Theorem 2.2 Let f(z) = 4+ Pg Gp¢m2?t™ € MS(p, A, B,q). Then 


la \< 2(8 — pcos) Ne [k + plq an beet 12 
ieee Cra ee +p — 2pcosr s p+([p+kl]q 


Proof Let 


B+e =f) + ipsin A 


Pe) B—pcosr 


(ze EF, f € MS(p, A, 8,¢q)). 
We know that DL € P. It follows that 
ez, f(z) = (8 — pcos A) f(z) L(z) — (8 — ipsin A) f(z). 


Let 
E(zys1+liz +e? +--+. 


Then 
of (EEE + Deane? + [p+ Matpn2P At ++ Bp mdptme?*” +) 


1 
= (B- pooss) (= + Apz? + Ap4iz?*t +-- \xQthethe +) 





1 
— (9 = ipsin ) (+ ape apaaal tbo Hapa? bo) 
We have from sides (24) 


e[p + M|qap+m = (8 — pcos d) (loptm SK Aplm + Ap4+mlm—1 


Pes +Ap+m) (8 t ip sin A)ap4m- 





Moreover, we know that 
In| <2 (WEN). 


From (25) and(26) we have 
2(6 — pcos A) 


Ay| < 
lal S p+ [pla 


ME No). 


(19) 


(20) 


(21) 


(22) 


(23) 


(25) 


(26) 


(27) 
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and 


2(8 — pcos) 
|ap+m| < pears (: oa 3 ls) 


with supposing p € N. We define {Apim}>-_, b 


_ 2(B—peos d) = 
omer ss eae m=0; 


2(B= N -1 
Apt+m = 7G eet (1 ben lap) , mei. 
Now by the mathematical induction principle we will prove that 
|@p4m| < Aptm(m € No). 


We can easily verify that 


2(8 — pcos) 
|ap| < Ap = ——_—. 
pr [Pla 
Thus, assuming that 
|ap+5| s Ap+j (9 =0,1,---,mme No); 


from (28)) and (32) we have 


Ms 





2(8- r 
|ap+m+1| er (: 2 5 evn! 
2(6 — pcos A) m 
ON SE AY ae 
“p+ a 24 vl 








=Ap+m+i (m € No). 


Therefore, by the principle of mathematical induction, we have 
l@p+m| < Ap+m (m < No). 


By means of Theorem 2.1 and (29), we know that 





4 _ 2(8 — pcos A) Ne [k + plq gee BACON a os 
ptm 26+ [m+ p]q +p — pcos J p+ p+, 
So, from (34) and (35) we get proof of the Theorem 2.2. 
As q— 17 we get the following result proved by Shi-et al. [13]. 
Corollary 2.2 Let f(z) = 4+ oP) aptm2?t™ € MS(p, A, 3). Then 
2(8 — pcos) 238+k+ 2p — 2pcosr 
Ayn = SS _ J | MS : 
Be 28 +m+ 2p — pom (nS 0) 


2p+k 


23 


(28) 


(29) 


(30) 


(31) 


(32) 


(33) 


(34) 


(35) 














(36) 
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From Theorem 2.2 we get the following result. 


Corollary 2.3 Let f(z) = 4 + rg aptm2?*™ € MC(p, A, B,q). Then 


2p(8 — pcos A) “7 28+ [k+plqtp—2pcosr 
Am = OOOO So 4___§_—— (Mm € nro). 
o- GemOie ape. ~~ pepe, 


Theorem 2.3 Let f(z) = 4 + Pg Gp¢m2?t™ € MS(p, A, B,q). Then 


Pees AT AE pos yr ER (—cir ef) ) < pecs Hea possy 
faa be r 


f(z) 


for jz) =r< 1. 


Proof Suppose the function ¢ defined by 


pe — (28 — pez) 


es (z € E). 


(2) = 


Let z= re (0<r <1). We have 


2(8 - 30 — 
# {6(2)} = peos — AP pes Airteos 7) 


rn 2(8 — pcosA)r(r — r) 


119238 (rT = cosv). 


p(T) = pcosA — 


Then 
a 2 OA) Oe aes 1 Prete = 0) 


dqe(7) = (1+ r? —2qrr)(1 +r? — 2rr) 
This means that 


2(8 — pcos A)r 


2(8 — pcos A)r < R( 
1l+r 


< R(G(z)) < peosrA + 
l-r 


pcos — 


- 


which is equivalent to 


pcosA — 2(3 — pcosA)r 
l-r 


pcos A + 2(8 — pcos X)r 


<R{G(z)} < — 


We know that 
_ eid 20qf (2) 


f(z) 
and ¢(z) is univalent in EF, this is prove the inequality (38). 





< $(z) 


As q— 1° we get the following result proved by Shi.et al. [13]. 


(37) 


(38) 


(39) 


(43) 


(44) 
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Corollary 2.4 Let f(z) = 4 + Og aptm2?*™ € MS(p, A, 8). Then 


pcos A — 2(8 — pcos aA)r ER _iaZl2) < pcos A + 2(8 2D Oe (45) 
l-r f(%) l+r 
for jz) =r< 1. 
Corollary 2.5 Let f(z) = 4 + yg aptm2?*™ € MC(p, A, B,q). Then 
pcos \ — 2(8— pcos a)r eR (-« Og (zOef (z ) < pcos + 2(8 — pcosa)r (46) 
Le qf (2) Lice 
for jz) =r <1. 
Theorem 2.4 If f € Xp satisfies 
qa >> (I[rlee* + 71 + I[n]ge* + 26 — 11) lanl < |bPloe* — 208 + 971 - |Iplae*— orl (47) 
n=1—p 
for some real , 8 and y (0< y < pcosd), then f © MS(p, d, 8,q) 
Proof To prove f € MS(p, X, 3,q), it suffices to show that 
eid 29a f (2) f(z) +/¥ 
Te) <1(z€E,0<y¥< pceosd)). (48) 


ei FG) (23 — +) 


From (47), we know that 


Co 


|Ple — 248 +a] +9 D7 |Irlee*+28—] lanl > [Ela — an 
n=1—p 


+q >> I[rlae + Ilan] > 0. (49) 


n=1—p 


Now, by the maximum modulus principle, we deduce from (1) and (49) that 


eP2UO +4 ef (See + 7 lrlgan2”) + + Yap ane” 
ei yf) + (28-7) eid ea + yee (r]qan2” J + (28-7) (+ + ae an2") 
(—[plae* + ay) +a 1p (Irae + yJanz2” 
(— [plac + 248 — a7) +9 mip ([r]ee + 28 — y)anz” 
I[plae** — yl +9 1» Irae + Vlan| 
[place — 248 + ay] — a rip Ilnge + 26 — YI Ian 
21, 











(50) 














This completes the proof. 
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As q— 1° we get the following result proved by Shi.et al.[13]. 


Corollary 2.6 If f € Xp satisfies the 








> (Ine +7| + Ine + 28 — |) lanl < pe — 26 + y| — [pe — 91 (51) 
n=1—p 


for some real X, 8 andy (0< + < pcosdA), then f € MC(p,A, 8). 


Corollary 2.7 If f € }> @, satisfies the 


a S> [nla (Ilrlge* +71 + linge +28-1) lanl < [lq (flee — 248 + a1 
— |[plae* — al) (52) 


for some real X, 8 and y (0<y < pcos), then f © MC(p, A, 8, q). 


Lemma 2.1((7]) If |¢| attains its mazimum value on the circle |z| =r <1 at zo and ¢ is a 


nonconstant regular function in E then 


zo’ (20) _ ko(z0), k= 1, kER. 


Theorem 2.5 If f € Xp satisfies 


fe), 2f(2)03F (2) — 2d4f(2)| __ B—p 
Fa) Faas  flaz) |~ 28 (53) 





for some real 3 > p, than f € MS(p,0, 8, ¢q). 


Proof Define the function y by 


20q f(z) 


(2) = za) —_ (€ 2). (54) 
ay + (26 -p) 


Note that vy is analytic in E and y(0) = 0. From (54), we have 


zOqf(2) _ -p+ (26 -p)ole) 





7) 1-9) me) 
Taking q-differentiating of (55) logarithmically, we get 
fle), FOF) _ 204fe) __ a1 - pla yl28~ pale), 28p0(2) ag 








flaz) flaz)Oqf(z) = flaz) = (—p + (26 — p)y(z))1 - v(az)) (1 — 9(¢z)) 
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From (53) and (56), we get that 








fe) FQ) ato] _ 2(8 — p)dqo(2) B-p 
fa) * Fant Faz) |~ | pe Or—peeli=ne| ae 


Consider zo € & such that 


max |p(z)| = |p(zo)| = 1. 

|2|<|zo| 
By Lemma 2.1, let y(zo) = e” and z00,9(zo) = Le” (L > 1). For such a point zp, we have 
that 


Flazo) ” Flaz0)Oqfl2)  F(a20) 





20f (20)02f(20) — 20O_f(20) 














= | 2(8 — p)Le'® 
p+ 26= ple" (te) (58) 
ss 2(6 —p)L 
p? + (28 — p)? — 2p(28 — p) cos 0\/2(1 — cos ¥) 
ey caen 
2B 


This contradicts our condition (53). Therefore ,there is no z9 € E such that |y(zo)| = 1. This 
implies that |y(z)| < 1 (¢ € E*), that is, 
20q f(z) 
ay +? 
20q f(z 
nf) + (28 — p) 





<1, (@€B£) 














thus, we conclude that f € MS(p, 0, 6, ¢). 





As q— 17 we get the following result proved by Shi-et al. [13]. 


Corollary 2.8 If f € Up satisfies 


ef") _ 2f'@)|_ B-p (59) 








for some real 3 > p, than f € MS(p,0, (). 
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Abstract: Deriving closed formulae of the number of spanning trees for various graphs has 
attracted the attention of a lot of researchers. In this paper we derive simple and explicit 
formulas for the number of spanning trees in many classes of circulant graphs using the 
properties of Chebyshev polynomials. Deriving closed formulae of the number of spanning 
trees for various graphs has attracted the attention of a lot of researchers. In this paper 
we derive simple and explicit formulas for the number of spanning trees in many classes of 


circulant graphs using the properties of Chebyshev polynomials. 
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§1. Introduction 


The number of spanning trees 7(G) in a graph G (networks) is an important invariant. We 
call +(G) the complexity of G. The evaluation of this number is not only interesting from a 
mathematical (computational) perspective, but also, it is an important measure of reliability of 
a network and designing electrical circuits. Some computationally hard problems such as the 
travelling salesman problem can be solved approximately by using spanning trees. In this work 
we consider finite undirected graph with no loops or multiple edges. Let G be such a graph of 
n vertices. A spanning tree for a graph G is a subgraph of G that is a tree and contains all 
vertices of 7(G). The number of spanning trees of G, is the total number of distinct spanning 
subgraphs of G that are trees. A classic result of Kirchhoff [?] can be used to determine the 
number 7(G) for G(V, £). Let V = {v1, v2,--- , un}. The Kirchhoff matrix H is defined as n x n 
characteristic matrix H = D— A, where D is the diagonal matrix of the degrees of G and A is 
the adjacency matrix of G. Then the matrix H — [a;,;] is defined as follows: 


(1) aj, when v; and v; are adjacent and i ¥ j; 
(it) aij, is equal to the degree of vertex v; if i = J; 
(itt) ayy = 0, otherwise. All of co-factors of H are equal to 7(G). 


1Received April 25, 2019, Accepted November 23, 2019. 
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There are more than one method for calculating 7(G). Let p > pug > --- > pp denote the 
eigenvalues of matrix of a p point graph. It can be easily shown that » = 0. Kelmans and 
Chelnokov [2] proved that The formula for the number of spanning trees in a d-regular graph 


can be expressed as 


i 
7(@) ==| [] (d- ns)] 
ae 
where fio = d, [1, {2,°** ,p—1 are the eigenvalues of the corresponding adjacency matrix of 


the graph. Many works have conceived techniques to derive the number of spanning tree of a 
graph can be found at [3-12]. The circulant graphs are an important class of graphs. Among 
other applications, they are used in the design of local area networks, see [13-19]. 





Let 1 < a, < ag < a3 <--+ < ay < $, where n and a;(i = 1,2,...,k) are positive integers. 
An undirected circulant graph C,,(a1, a2, @3,--- ,@,) is a regular graph whose set of vertices is 
V = {0,1, 2, [dots, n—1} and whose set of edges is F = {i,i+a;(mod n)/i = 0,1,2,--- ,n—-1,j = 
1,2,---,k}. If ay < $, then Cy(a1,a2,a3,--- ,@x) is a 2k-regular graph; if a, = § , then it 
is a 2k — 1-regular one, see Nikolopoulos [20] and Papadopoulos [21]. The well known formula 
T(Cy(1,2)) = nF?, where F, is the n*” Fibonacci number, see Kleiman, and Golden [22]. We 
have obtained another proof for this formula in Theorem 3.3. The formulas of 7(C2,,(1,7)), 


T(C3n(1,7)), T(Can(1,)) can be found in Yuanping, et. al.[23]. 


§2. Chebyshev Polynomial 


In this section we introduce some relations concerning Chebyshev polynomials of the first and 
second kind which we use it in our computations. We begin from their definitions, see Yuanping, 
et. al.[24]. Let A,(a) be mn x n matrix such that: 
2x -1 0 
-1 2% -1 
Ay(x) = Oi 8k SE OR = 6 


where all other elements are zeros. 
Further, we recall that the Chebyshev polynomials of the first kind are defined by: 
Tn (x) = cos(n arccos). (1) 


The Chebyshev polynomials of the second kind are defined by 


tld sin(n arccos) 


Un—-1(£) = ndg in) = TCO (2) 
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It is easily verified that 
Uy (a) — 24Un—1(@) + Un—2(x) = 0. (3) 


It can then be shown from this recursion that by expanding one gets 
U, (a) = det(Ay(x)), n> 1. (4) 


Furthermore by using standard methods for solving the recursion (3), one obtains the 


explicit formula 





1 n+1 n+l 
Un (x) = ————— ] (x + V2? - 1 x z%—1 , noi, 5 
() = (( yr ( | (6) 
where the identity is true for all complex (except at « = +1 , where the function can be taken 





as the limit). The definition of easily yields its zeros and it can therefore be verified that 


n-1 ; 
Un—1(x) = 27-1 [[ (@-cos4)]. (6) 
jel m 
One further notes that 
Un—1(—2) = (—1)"-"U,-1 (2). (7) 


These two results yield another formula for U,,(x) 
n-1 jr 
2 n=1 2 2 
ae | — cos? 2*)]. 
U2_4(2) [] (2? - cos?) (8) 


g=1 


Finally, a simple manipulation of the above formula yields the following formula (9), which 


is extremely useful to us latter: 


(EB) = [Het . 


j=1 


I 


Furthermore, one can show that 





U2_,(z) = molt = Toa] = moa! ~ Tan (2 — 22)] (10) 
and , 
Tn(x) = 5| (e+ v2? 1)" + (a— V2? —1)"). (11) 


§3. Main Results 


In our main results, i.e., Theorems 3.1 - 3.6 we use the following conclusion. 


Lemma 3.1([25]) The Kirchhoff matrix of the circulant graph Cy,(s1, $2,83,°++ , 8%) has n 
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eigenvalues, namely: 0 and the value 2k—¢~ $13 —--.—e78hI — 67813 _...—e-$kI with e =e™ 


for any j = {1,2,---,n—1} 
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anj 








Corollary 3.2 For the circulant graph Cy,(s1, 82, 83,°++ Sk); 
i ee : ; 
r(Cn(s1182,88,---86)) = — | [] Qk er —-- ered ered gees) 
n 
j=l 


Proof The proof follows immediately from Lemma 3.1. 





Sle 
3 
| 
pa 
oS 
Me 
Fa 
wo 
| 
i) 
a) 
je) 
mn 
GS 
Ss 
~~" 
NS 














Theorem 3.3 For the spanning trees of Ci2n with three jumps 1,2n,3n , we have: 


T(Cian(1, 2n, 3n)) 


Qni 
Proof Let ¢ = etn, 


T(Cian(n, 2n, 3n)) 


alin) WE) 
(Vey Ey 

ali) Vey 
| 


(v24+ 1)" + (v3-1)"] 


BED +(VE-VA) 


Applying Lemma 3.1, we have 





ae (6 eo J e72ng e738" ed e273 eu) 








12n 12n 12n 


12n-1 F : ‘ 
uk 2 4 6 
(6— 200s — 2cos ase — 2cos ) 


A ee Q14 Ti al 
(6— 200s = — 20s“ — 2008 %) 


12n 3 2 
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es 274 Ti 
= —_ = 2 > 2 —— 
Tn Il (s COS Ta cos = ) 


gJ=1,249 
12n—1 : 5 
x Il (6— 2008 7! — 20s 9! — 205%) 
J=1,2|9 
12n—1 . 
1 2777 9) 
= Liege 
im Il (6 °° T2n os 7) 
j=l 
i 2cos SL — 2cos  — 2cos 
x ry a ee ae er 
6 — 2cos L — 2cos 4 


If we put 7 = 27’ in the second term for some integer 7’ we get 


y not one ig 
T(Cian(n, 2n, 3n)) = Tn I (o- 2eos 4 —2c¢ 8-5 os) 
re | ccna = 2.cos 2nd etal 
jel 6 — 2cos 242 7) cos 4 
12n-1 .\ 12n-1 : 
1 2777 2777 
= —— 5 — 2cos —*> Il 4 — 2cos —> 
im Il ( 12n ~ ( 12n ) 
. F=1, 249,349 J=1,219,3]3 
12n-1 ong: me on 
x II (3— 2008 =) II (7- 2eos 2) 
12 12 
J=1,2|9,3]3 " J=1,2|9,3]3 
6n—1 6n—-1 
I] (8—2cos4 —2cos*Z) J] (4—2cos = — 2cos 1) 
J=1,215 J=1,245 
"s 6n—1 
I] (6—2cos 22 — 2cos 2) 
j=l 
Thus, 
12n-1 2n—-1 us 2 
1 204 (5 — 2cos 2) (4 — 2 cos 222) 
T(Cion(n, 2n,3n)) = — 5 — 2cos — Arn re 
( 12 ( )) 12n II ( 12n ) II (8 — 2cos 222) (7 — 2cos 21) 
j= j= 
. i — 2cos 22 TL 7 — 2cos 
— 2cos a ja 5 — 2cos 2th 
6n—1 3n-1 
II (8-2cos 2nd 2. cos 27) II (4-2cos td 2 cos 41) 
j=l j=l 
Yo 
6n-1 _ 38n-1 
I] (6—2cos 2 —2cos%) J] (8 — 2cos = — 2cos 41) 


=i j=l 
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So, we get that 


12n—-1 


_ xi Qnj\ 27" (5 — 2cos 281) (4 — 2cos 222) 
T(Cion(n, 2n, 3n)) = om i (s — 2cos a) I (8 — 2cos 22) (7 — 2cos 282) 
TL 8 — 2cos 2nd cy Geers 2th 
y © — 4008 Gr AS EE ane 
jai 5 — 2cos oad jai 5 — 2cos zi 
6n—1 oni 6n—1 Qnj 
I] (9-2cos4) [J] (6—2cos =) 
6n—1 6n—1 
I] (7-2cos on) I] (4-2cos on) 
g=1,3|5 G=1,3]3 


a0 (6 — 2cos 2 — 4 cos? 242) 


So GC. ee 
(10 — 2cos 32 — 4 cos? 222) 
g=l1 
i.e., 
12n—1 2n-1 2m ca 
1 Qnj (5 — 2cos 342) (4 — 2cos 344) 
Chon (n,2n,3 = — 5 — 2 cos = 72 Denn 282) (7 _ Oana 2Rj) 
T(Cion(n, 2n, 3n)) 12n II ( 12n 1) Ul (8 — 2 cos $1) (7 — 2cos 21) 
j= = i e 
Il — 2cos AL Tl 7 — 2cos 2 
. Oo 4008 Gn sae an 
5 — 2cos 2a jai 5 — 20s 2th 
6n—1 es 6n—1 6—2.cos 
II (9 — 2cos #4) Il oe oe 
. j=l j=l 
a (7 ee 2ni) aa (4—2cos a) 
a 6 jel 7-2 cos = 
3n-1 3n—-1 
I] (5-2cos32) [] (2 — 2cos 221) 
3n—1 3n—1 
I] (9-2cos22) J] (6—2cos 2) 
G=1,3]9 J=1,3]5 
Furthermore, 
12n—1 2n-1 Qn 2a 
1 Qj (5 — 2cos 2) (4 — 2 cos 344) 
Chon (n,2n,3 = — 5 — 2 cos = 72 Denn 28I) (7 _ Oana 2tG) 
T(Cian(n, 2n, 3n)) Lon I ( 12n ) I (8 — 2. cos 2i1) (7- 2 cos 21) 
j=l j=l 
“rT 8 — 2cos 2a2 “tol 7 — 2cos Hd 
Il —— Il ——3 


Ga 5 — 2cos Gn je | 0— 2cos F* 
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We get that 


T(Cian(n, 2n, 3n)) 


Thus, 


T(Cian(n, 2n, 3n)) 


which implies that 


T(Cian(n, 2n, 3n)) 


6n— 


I] 





1 
(9 — 2cos 


t 
(7 — 2cos 


ad) T] 
2) TT 
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(6—2 cos 322) 
2n— 1 (4—2cos 284) 
(7-2 cos 222) 


ae (2- 2cos ont ) 
1 5—2 cos 2nd 
(6-2 cos ont ) ; 

1 (9-2 cos =) 








= TL (5— 200282) Ty Sater oo tom) 
12n om 12 jal (8 — 2cos 2i1) (7 — 2cos 271) 
TL 8 — 2cos 2nd TL 7 —2cos 2th 
x Ee  Onng 2H Qn 
pa 5 — 2cos ai 5 — 2cos 2th 
Gna ae 2n—1 (6_2 cos 2a 
IT (9 — 2cos FH) : ae. 
j=l j=l on 
* 6n— on 2n-1 (4-2co an5 ) 
I] (7 — 2cos a) I] (7- 2co! Bri) 
g=l1 j=l on 
3n— n—1 Qnj 
on (2-2 cos 2ni) 
F (5- 2 cos an) : (5-2 cos nL) 
7 J=1 j=l 7 
3n— n—1 Qnj 
9 — 2cos 22 (oni =~) 
U ( 2 j=l (9-2 cos 221) 


11 2 
=) x Unt 


(v3) 


n-1 


(V/t) « Ua ( 


UBa1 (ft) x UBn—1 (3) x UB —1 (V2) x UB 1 ($) x UR a (3B)? 


9 
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al(Ei) (hf) >] 
glee va)” + Wa- va) T 


<p l(a)" + (9-1)] 


4 [Evy WE 


where (6), (8) , (9) and (10) are used to derive the last two steps. 


Theorem 3.4 For the spanning trees of Cen with three jumps 1, 3n,6n, we have 


7(Cian(1,3n,6n)) = 2 (\$ an (f- A" j 


«A | (va41)" + (v3-1)° ) 





Proof Let ¢ = etm. Applying Lemma 3.1, we have 


12n— 
1 


T(Cian(1,3n,6n)) = on Il (6 — 279 — 87) — ¢ Od _ od _ gnd _ 66n3) 
nr 








12n— ‘ * : 
1 2775 6mjn 127jn 
= — 6 — 2 cos —— — 2cos —— — 2cos 
im Il ( 8 Ton on Fn 








12n— a 
1 2779 Ti 
= =—— Il 6 — 2cos —~ — 2cos — — 2cos7j 
jJ= 


12n 12n 2 
12n—1 -\ 12n—1 ’ 
1 215 277 Tj 
=. = — 2cos — 4—2 — —2cos—]. 
12n (3 cost) TT ( cos os tt) 
J=1, 249 j=1,2|9 
Whence, 
12n—-1 Qr wl 
1 Qr4 "4 2cos 2nd _ 2cos 3 
Cian 1,3 ,6 4 ae 8-2 —_—_ ee 
7(Cian(1, 8n, 6n)) 12n jal ( ws i I 8 — 2cos 2 


12n-1 


1 IT (8 — 2 cos st) 6n-1 omi\ or} ed 
= a i Il (6—2cos 2) Il (6—2c0s 2). 
[I] (8—2cos2t) — j=1,219 g=1,2|5 
j=l 
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Thus, 
12n-1 bi 
l IT (8 — 2cos To) 6n—1 on 
T(Cian(1,3n,6n)) = i II (6— 2008 =) 
Ty. OR ‘ n 
IT (8—2cos 42) j=1 
j= 
6n-1 Oni 
2—2cos #4 
«IT eet 
par cos = 
12n—1 


l IT (8 — 2cos 34) 6n—1 ee 
- fT (1-20 4) 
. I] (8—2cos 42) j=1 i 

j=l 


—2cos = an 
- il, 6 2e0s 28d 2 
6 — 2cos i 


which implies that, 


ls 34 Uton— 1 (\/8) x x (3n)? x Ug,-1 (V2) 
ee Uén—1 (/8) x US,-1(v2) 


an Uban—t (/$) x Ub,a(V2) 


ta (ff) RaW 


T(Cian(1, 3n, 6n)) 


r(Cian(1,8n,6n)) = = eae Gan) 2 


x2 |(va+ 1)" 4 (v2- ole 











where (6), (8) , (9) and (10) are used to derive the last two steps. 





Theorem 3.5 For the spanning trees of Ci2n, with three jumps 1,3n,4n , we have: 


(Cian (1,3n,4n)) = a (y3+y5) "+ (V8-y8) - 
(Ev) «(VEY +] 
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2n 2n 
es fi : f- fi 
2 2 2 2 
n nq 2 
x (v2 +1) + (v2-1) 
2n 2n 
ae z [11 are 
4 4 4 4 
Proof Let ¢ = elm, Applying Lemma 3.1, we have 


T(Cian(1,3n,4n)) = Tn (6-6 9 — 23M) — 4) _ ef — cmd _ ¢4nd) 





a 


12n—1 
1 214 j 2 
=! (o- 2eos 4 — 2008 — 20 os) 


1 277 Tj 
— ce II (6 200s = — 20s =) 


J=1,249 


12n—1 an : oe 
x I (6- 2008 2-2 cos “2008 2) 
j=1,2|9 


y Wancl Sai : 
pens debe =e 
im U (s- °F Tan on 7) 
j=1 
6n—-1 20 - , Aj 
‘ in 6 — 2cos 2nd _ 2cos mj — 2cos + 


Anj 


2 
aug — 2cos 4 


6 — 2cos or 


a= 


y 12ncl Smg\ thet oni 
oe, fee 2.cos at 4—2c0s “4 
= I (7- cos 2) TT ( cos 2) 
F=1, 343 G=1,3]3 

6n—1 Qj - 2nj 

8 — 2cos 4 — 2cosmj — 2cos* St 

6n 3 
Met ese 
j=l [] 8—2cos 2 — 2 cos? SL 

g=l1 


Thus, 


12n-1 : 2nj 
1 21j * 4 —2cos ous 
T(Cien(1,3n,4n)) = = (7 200s 2h) Ul ———_—_+ 
12n cane 12n a 7—2cos ons 


6n—1 6n—1 
II (10-2cos 2nd — 4cos? 2a) II] (6—2cos 20h — 4cos? 2a) 
J=1,245 G=1,215 
my 6n—1 6n—1 
I] (7-2cos 2t1) I] (4-2cos oti) 
J=1, 315 J=1,3]9 
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We therefore get that 














12n—1 “\ 4n— EUs] 
l Qn} * 4 — 2cos 282 
C 1,3n,4 = — 7 —2cos —— Ul an 
T( 12n( ,on, n)) 120n a ( ==) 7 —2cos 2th 
6n—1 3n-1 Qrj 2 2705 
2 22 6—2 cos 3 > —4 cos 
TI, (10 ~ 200s 34 — 4s? 42) in 10-2008 Stoo 
x 6n—1 Qn} aM 425 ee Ehe} 
I] (7 — 2cos me) TI 7—2cos 422 
jel j=l mn 
L.e., 
12n-1 \ An— 2nj 
l 4 — 2cos 222 
Cion(1, 3n, 4 = = 7— 2c0s I ae 
T( 12n( ,on, n)) 12n AJ ( cos = “1 7 —2cos ant 
j=l a 
6n—1 6n—1 
“TL, (0-2cos284) “FT (6 — 200842) 
j=1, 345 as 
6n—1 and 
Qn 4—2 cos 4 
i ae on) si EE GOe - 
oT Ges 2ni) aie (7 — 2cos zed) 
an) ' 2 
G=1,319 j=1,3]9 
6n—-1 Oni 6n—1 277 
II (9-2cos 3) [] (6—2cos #4) 
j=1,3tj J=1,3]9 
which implies that 
12n-1 p\ ancl 
1 2779 4 — 2cos J 
Can(tsdninyy =< TT (r= tee) Tp ott 
T(Chan(1, 3n, 4n)) Tan 14 ( sat) pe 2 COs 2nd 
6n—-1 6n—-1 Qaj 
Qa4 6—2 cos = 
auf (9 — 2cos =H) HU 9—2 cos Eng 
6n—1 2n-1 Qaj 
Oni 4—2 cos #4 
AEE 28) * 7200s SE 
3n-1 275 
= 2nd a 2cos = 
U (5 — 2cos 4) I eer, ay 
x ‘ 
3n-1 (0 5 2x3, n—-1 6—2 cos =a 
U — 4C08 zu 9—2cos “SL 


Thus, 

Bi (ett) 
1 Utn—1 VF 
—_aei x ee 


T(Cian (1, 3n, 4n)) 
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taa(VB otic (A) n-a(VA) 


2 ii 2 ii 
Uen-1 z U3n—1 a 


-_ ” 
pe 


“(i 
(i 
 [(v2+1)" ven 
[VERVE]. 


where (6), (8) , (9) and (10) are used to derive the last two steps. 


Theorem 3.6 For the spanning trees of Cian with three jumps 1, 2n, 3n,6n , we have 


(Cana aneay. = 4 |(VE+ V3) + -(y2-¥2)"-] 


2 
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Proof Let ¢ = etm. Applying Lemma 3.1, we get the required result. 





Theorem 3.7 For the spanning trees of Clon with four jumps 1, 2n, 3n,4n, we have 


(Evi) (EV) 
(ei) “(-V8) 


x [(v2+1)" + (v2-1)" i; 


Proof Let ¢= ein, Applying Lemma 3.1, we have 


T(Cian (1, 22, 3n, 4n)) 
cee 


12n 








(8 ed € 2nj e 3nj e Anj oJ e279 e3d oY) 





g=1 
fy: sees 2njn 6mjn 8m jn 
=— 8-2 —2 —2 
12n Ul (s 8 an Tan °F Tan a 
2n—- 


ee 8 — 2cos mJ 2.cos ued 2 co’ et) 
~ 12n J 3 D) 3 
91 
12n-1 ; 
1 2 
= Tn (8 = 2008 — 2008 — 200 tt) 
J=1,2f9 
12n-1 ; on 
x I (8 = 2e083t — 2008 — 200 a) 
J=1,2|9 
12n-1 
1 2 
or (8— 2008 7 — 200s — 20 a) 
j=l 
l 8 — 2cos 4 — 2cos # — 2cos St 
8 — 2cos oad — 2cos 2nd 2cos aie 
Thus, 
y Wanzl re gj 
T(Cion (1, 2n, 3n,4n)) = Tn Il (o- 2eos 2 —2co 7) 


J=1,315 
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12n-1 
uF) 
x II (« — 2008 74 — 200 v 
J=1,3]5 
‘TL cued 27d — 2cos “41 — 4 cos? 242 — 2cos7j) 
ss - : 
cos 4 — 2cos cos 
10 — 2cos 42 — 2cos AL — 4 cos? *7d 
i.e., 
, ianct omj 
(Cian(1, 2n,3n,4n)) = on II (9- 2eos 4 — 2e0 3) 
—2cos 2 a 


4n—1 
6 — 2cos 242 
m 

* I] 277 
9 — 2cos Fe — 2cos 


j=l 
6n—-1 
10 — 2cos oad — 2cos 2% — 4 cos? 2% — 2cosm 
J 
‘s 6n—-1 : 
au (10 —2cos— 2nd —2cos = 2nd — 4cos? 2nL) 
We get that 
y 1anct ond 
(Clan (1, 2n,3n,4n)) = iA I (9 — 2cos = — 2cos =) 
oT 6 — 2cos tL ~ 2 cos 
jal 9 — 2cos ot) _ 2cos 
ire 2 2 Qnj 
[I] (12-2cos 22 — 2 cos “2 — 4 cos? “22) 
g=1,249 
“ 6n-1 
I] (10 — 2cos 22) 
j=l 3H) 
6n—-1 : 
I] (8 2cos #2 — 2cos “21 — 4 cos? 242) 
j=1,2|9 
a 6n—-1 a 2 
I] (4-2cos 2t1) 
J=1,3]9 
which implies that 
12n—1 , 12n—1 ; 
1 2779 2779 
= — II (s— 20057) II (t= 2c) 
J=1,2|9,3]9 


T(Cian(1, 2n, 3n, 4n)) on 
J=1, 249,319 
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=, 





4—2cos ons 
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x [OO 
= ond = Ea} 
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12n— 12n-1 
Pr 10—2cosf2] OF 
TT Se . Tp Be 
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4n— 4n-1 ang 
2nd 4—2cos = 
I] (8—2cos4) [I too Bt 
J=1 j=l 
An-1 . 4n—1 Qnj 
= _ 205 7—2 cos = 
IT (11 2 cos Tr) igh 11—2 cos =44 
j=l j=l 4 
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j=l 
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We get that 
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1 12n-1 oni 
T(Cran(1,2n,3n,4n)) = = I (s —2cos a) 
: TL (8 — 2cos 222) (7 — 2cos 222) 
Fae (11 — 2cos $2) (10 — 2 cos 24) 
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x |] II 
= it ond 
jel 8 — 2cos Fs jel 8 — 2cos + 
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I] (11 — 2cos an ) IM 11—2 cos 242 
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(V5+V8) + (Vi-v8) 


x [(v2+1) +(v2-1)" i 














where (6), (8), (9) and (10) are used to derive the last two steps. 


Theorem 3.8 For the spanning trees of Cen with four jumps 1,3n,4n,6n, we have 


T(Cion(1,3n,4n,6n)) = s oe ees 
) +(Ve-v) 


“(Vt 

(VE) VE] 
ie sem 
aCe 

[VE 


ae ay an 
)+(i-va) 


Proof Let ¢ = elm. Apply Lemma 3.1, we get the required result. 














Theorem 3.9 For the spanning trees of Cen with four jumps 1,2n,3n,4n,6n, we have 


T(Cian(1, 2n, 3n,4n,6n)) = =x (v2+1)"+ + (v8-1)"] 
«[( V3)" + (v3-v3)"—1 
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(EN EN] 


Proof Let ¢ = elm, Applying Lemma 3.1, We get the required result. 














Conclusions 


The number of spanning trees in graphs (networks) is an important invariant. The evaluation 


of this number is not only interesting from a mathematical (computational) perspective, but 


also, it is an important measure of reliability of a network and designing electrical circuits. 


Some computationally hard problems such as the travelling salesman problem can be solved 


approximately by using spanning trees. Due to the high dependence of the network design and 


reliability on the graph theory we prove our results in Section 3. 
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Abstract: In this paper, we deal with the approximation of fixed point for multivalued 
nonexpansive mappings via a new three-step algorithm which is independent and faster than 
the iterative process discussed by Agarwal et al. [3] and establish some strong convergence 
theorems and a weak convergence theorem in the setting of Banach spaces. Our results 


extend and generalize the previous works from the existing literature. 


Key Words: Multivalued nonexpansive mapping, three-step iteration scheme, fixed point, 


weak and strong convergence, Banach space. 
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§1. Introduction 


Throughout this paper, let 4 be a real Banach space with the norm ||.||. Let N denotes the set 
of all positive integers and let F(T) denotes the set of all fixed points of the mapping T. 


Let K be a subset of VY. A subset K is called proximal if for each x € 4, there exists 
an element k € K such that d(#,k) = inf{||x — y|| : y © K} = d(a#,K). It is well known that 
a weakly compact convex subset of a Banach space and closed convex subsets of a uniformly 


convex Banach space are Proximal. 


We shall denote CB(K), C(K) and P(K) by the families of all nonempty closed and 
bounded subsets, nonempty compact subsets and nonempty proximal subsets of K, respec- 
tively. Let H denote the Hausdorff metric induced by the metric d of 1, that is, 


H(A, B) = max{sup d(x, B), sup d(y, A)} 
rEA yeB 


for every A,B € CB(X), where d(z, B) = inf{||x — y|| : y € B}. 
A multivalued mapping T : K — C'B(K) is said to be a contraction if there exists a constant 
b € [0,1) such that for any x,y € K, 


A(Tx,Ty) < b\la— yl, 
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and T is said to be nonexzpansive if 
A(Tx,Ty) < |x — yl), 


for all z,y € K. A point x € K is called a fixed point of T if a € Tx. 


Later, an interesting and rich fixed point theory for such maps was developed which has 
applications in control theory, convex optimization, differential inclusion and economics (see 
[5] and references cited therein). Moreover, the existence of fixed points for multivalued non- 
expansive mappings in uniformly convex Banach spaces was proved by Lim [7]. Many authors 
have studied the fixed point for multivalued mappings (e.g., see [4, 6, 8, 10, 15, 16, 19]). 


In 2005, Sastry and Babu [11] obtained the convergence results from single valued mappings 
to multivalued mappings by defining Ishikawa and Mann iterates for multivalued mappings with 
a fixed point. They considered the following: 


Let K be a nonempty convex subset of ¥, T: K — P(K) is a multivalued mapping with 
pe F(T). 


(i) The Mann iteration is defined by 
a =2rEK, 
(1.1) 
Engi = (1—an)tn + ansn, NEN, 
where {a,,} is a real sequence in (0,1) and s,, € Tx, such that ||s,, — p|| = d(p, Tn). 


(ii) The Ishikawa iteration is defined by 


vy =H=XE K, 
In+1 = (1 = An)Xn TAnTn, (1.2) 


Yn = (1 aa Balen Tr, Bn8n3 ne N, 





where {a,,} and {,} are real sequences in (0,1), ||Sn — rn|| = d(Za@n,Tyn) and ||rn — pl| = 
d(T yn, Tp) for s, € Tx, and rn € Tyn. They established some strong and weak convergence 
results of the above iterates for multivalued nonexpansive mappings J under some appropriate 


conditions. 


In 2007, Panyanak [10] extended the results of Sastry and Babu [11] to a uniformly convex 
Banach space and also modified the above Ishikawa iterative scheme as follows: 


Let T: K > P(K) be a multi-valued mapping. 


XY = LE K, 
(1.3) 
Yn = (1— Bn)an+ Br2n, NEN, 


where {(,,} is a real sequence in [0,1], 2, € Tan and uz, € Tx, are such that ||z, — un|| = 
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d(un,T Xp) and ||a, — Un|| = d(an, F(T )), respectively, and 


%=2rEK, 
(1.4) 


Intl = (1 _ An)&n + izes neéN, 


where {a,,} is a real sequence in [0,1], 2), € Tx, and vp, € Tx, are such that ||z/,— up|] = 
(vn, T 2%) and ||yn — vnl| = dyn, F(T)), respectively and proved a convergence theorem of 
Mann iterates for a mapping defined on a noncompact domain. Later in 2008, Song and 
Wang [14] proved strong convergence theorems of Mann and Ishikawa iterates for multivalued 
nonexpansive mappings under some appropriate control conditions. Furthermore, they also 
gave an affirmative answer to Panyanak’s open question in [10]. 

Recently, Abbas and Nazir [1] introduced and studied the following iteration scheme: let 
K be a nonempty subset of a Banach space ¥ and T be a nonlinear mapping of K into itself. 
Then the sequence {z,,} in K is defined by 


ry =2EK, 
En41 = (1— On)T yn + OnT zn, 
Yn = (1 — Bn)T&n + BnT Zn, 
&m = (1—An)tn+ nTin, nEN, 


(1.5) 





where {a}, {Bn} and {7} are real sequences in (0,1). They showed that this process converges 
faster than both Picard and the Agarwal et al. ((3]) and in support gave analytic proof by a 
numerical example (for more details, see [1]}). 

Motivated by Sastry and Babu [11], Pamyanak [10] and Song and Wang [14], we first give 
a multivalued version of the iteration scheme (1.5) of Abbas and Nazir [1] and then study its 
convergence analysis in the setting of Banach spaces. We define our iteration scheme as follows: 


tm=2EK, 
Lngi = (1—an)¥n + AnWn, 
Yn = (1— Bn)un + BnWn, 
Zn = (1L—Yn)an +t Yntin, NEN, 


(1.6) 





where {an}, {Gr} and {yn} are real sequences in (0,1), un € Tn, Un € Tyn and wn € Tzn 
such that ||wn — Un|| = d(T2n,Ta2n), |lun — Wall = d(Tyn,T2n), |lUn — unl] = d(Tyn,T2n), 
Jun+1 — Un|| = d(T angi, T yn) and |lunti — Wn|| = d(T an41, T Zn), respectively. 





Now, we recall the following definitions. 


Definition 1.1 A Banach space X is said to satisfy Opial condition [9] if for any sequence 


{xy} in X, tp converges to x weakly it follows that 
lim sup ||n, — || < limsup ||an — yl, 
NCO N—- CO 


for ally € X withy Fa. 
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Examples of Banach spaces satisfying Opial condition are Hilbert spaces and all spaces 
1?(1 <p < oo). On the other hand, L?/0, 27] with 1 < p 4 2 fail to satisfy Opial condition. 


Definition 1.2 A multivalued mapping T: K — P(X) is called demiclosed at y € K if for any 
sequence {x,} in K weakly convergent to an element x and Yn € Tx strongly convergent to y, 


we have y€ Tx. 


The following is the multivalued version of condition (I) of Senter and Dotson [13]. 


Definition 1.3 A multivalued nonexpansive mapping T: K + CB(K) where K a subset of X 
is said to satisfy condition (I) if there exists a nondecreasing function f: [0,00) — [0,0o) with 
f(0) =0, f(t) > 0 for all t € (0,00) such that d(x,Tx) > f(d(x,F(T))) for alla € K, where 
F(T) #0 is the fixed point set of the multivalued mapping T. 


We need the following Lemmas to prove our main results. 


Lemma 1.4 ([{18]) Let {pn}, {an}, {rn} be three sequences of nonnegative real numbers satis- 


fying the following conditions: 


Co CoO 
Pnti < (1+ 4n)Pn +1n, n= 0, So an < 0, re $08: 
n=0 n=0 


Then, 
(1) lim pp exists; 
(2) In addition, if liminf p, = 0, then lim p, = 0. 


Lemma 1.5 ({12]) Let E be a uniformly conver Banach space and0 <a< ty < 8 <1 for 
alln € N. Suppose further that {xy} and {yn} are sequences of EF such that limsup ||xp|| < a, 


lim sup ||Yn|| < @ and lim ||tphv,+1—tn)yn|| = a hold for somea>0. Then lim ||ap—yn||= 0. 


Lemma 1.6 ([16]) Let T: K — P(K) be a multivalued mapping and Pr(x) = {y € Tx: 
la — y|| = d(a,Tx)}. Then the following are equivalent: 


(1) 2 € F(T); 
(2) Pr(a) = {a}; 
(3) LE F (Pr). 


Moreover, F(T) = F(Pr). 


§2. Main Results 


In this section we prove some strong and a weak convergence theorems using iteration scheme 


(1.6). First, we need the following lemmas to prove main results. 


Lemma 2.1 Let XY be a real Banach space and K be a nonempty closed and convex subset of 
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xX. Let T: K — P(K) be a multivalued mapping such that F(T) #40 and Py is a nonexpansive 
mapping. Let {an} be the sequence defined by (1.6), where {an}, {Gn} and {yn} are real 
sequences in (0,1). Then lim ||x,, — p|| exists for all p © F(T). 


Proof Let p € F(T). Then p € Pr(p) = {p} by Lemma 1.6. It follows from (1.6) that 


zn — Il < (=n) len — Pll + ynllun — Pl 
< (L-n)ll@n — pll + rH (Pr (xn), Pr(p)) 
< (1- n)|ltn — Pll + Ynllen — Pll 


= |lan — pl. (2.1) 


Again using (1.6) and (2.1), we obtain 





Yn — Pll < (=Bp)|lUn = dll + Ballwn — Pll 
< (1—8n)H(Pr(n), Pr(p)) + BrH (Pr (Zn), Pr(p)) 
< (1— Bn) len — pll + Ballen — pl 
< (1-Bn)llen — pil + Balltn — pll 
In — Pll. (2.2) 





Now using (1.6), (2.1) and (2.2), we obtain 


|@n41 — ll < (L—an)Ilon — Pll + an||wn — Pl 
< (1—an)H(Pr(yn); Pr(p)) + onH(Pr(2n), Pr(p)) 
< (1-an)|lyn — pl + on||2n — Dll 
< (1 an)||@n — pl + anllzn — pl 


Ilan — pl. (2.3) 


It follows from Lemma 1.4 that lim ||x,, — pl| exists for each p € F(T). This completes the 
proof. 














Lemma 2.2 Let XY be a uniformly convex Banach space and K be a nonempty closed and 
conver subset of X. Let T: K — P(K) be a multivalued mapping such that F(T) #4 @ and 
Py is a nonexpansive mapping. Let {x,} be the sequence defined by (1.6), where {an}, {Bn} 
and {mn} are real sequences in (0,1). Then lim (an, Txn) = 0, lim d(tn,T yn) = 0 and 
Jim A(an,T 2n) = 0. aa a 


Proof From Lemma 2.1, lim ||z, — p|| exists for each p € F(T). We suppose that 


lim |v, — p|| =1 for some I > 0. 
Since lim sup ||u, — p|| < limsup H(Pr(a,), Pr(p)) < limsup 


Il2n — pl| =, so 


lim sup ||un — pl] < 0. (2.4) 
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Again, since limsup ||vn, — p|| < limsup H(Pr(yn), Pr(p)) < limsup ||yn — p|| < limsup ||a, — 
n—cCo n—- Co N—-Co N—- CO 


p|| =1, so 
lim sup ||un — p|| < l. (2.5) 
Similarly, 
lim sup ||wn — p|| < 0. (2.6) 
Applying Lemma 1.5, we get 
lim ||un — vp|| =0 (2.7) 
lim ||wp — Un|| = 0 (2.8) 
and 
lim |/un — wy|| = 0. (2.9) 


Taking lim sup on both sides of (2.1) and (2.2), we obtain 





lim sup ||2n — pl| <1 (2.10) 
and 
lim sup ||yn — pl| < l. (2.11) 
Also, 
|Zn41— Dll = || —an)in + Onn — Pl 


= |\(vn — p) + On(Wn — Un)|| 











< |len — pil + onllwn — onl 
Slur — pil + [len — rn 
implies that 
1 < liminf ||vp — pil. (2.12) 
Combining (2.5) and (2.12), we obtain 
lim ||vn — pl| =U. (2.13) 
Thus, 
Ilo — Pll S [lun — wall + [wn — pl 
<_ |lUn — Wnl| + H(Pr (zn), Pr (p)) 
< l|Un — Wri) 1 \|2n — pl 
gives 
1 < liminf ||z, — pl| (2.14) 








nm—oo 
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and by virtue of (2.10), we obtain 











lim ||Zn — p|| = 1. (2.15) 
Similarly, 
[wn — pl <  [lwn — onl] + llon — pl 
< |lwn — vnl] + H(Pr Yn), Pr(p)) 
< [lun — ell + [lyn = pl 
gives 
1 < lim inf ||yn — p|l (2.16) 
and by virtue of (2.11), we obtain 
Jim lyn — pil =U. (2.17) 


Applying Lemma 1.5 once again, we obtain 
Jim, an — Un|| = 0. (2.18) 
Notice that 
[ln — Url] S< [len — unl] + [lun — en. 
Using (2.7) and (2.18), we obtain 
Jim, an — Un|| = 0 (2.19) 
and 
In —Wrl| S< [l&n — unl] + [lun — wrll- 
Using (2.8) and (2.19), we obtain 
Jim an — Wn|| = 0. (2.20) 
Since d(an,Tan) < ||an — Un||, we have 
Jim, d(an,T tpn) = 0. (2.21) 
Again since d(an,T Yn) < ||an — Un||, we have 


lim d(tp,Tyn) = 0. (2.22) 
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Similarly, since d(an,T zn) < ||an — Wn||, we have 


lim d(ay,T zn) = 0. (2.23) 











This completes the proof. 





Now we shall prove some strong convergence theorems using iteration scheme (1.6) in real 
Banach spaces. 


Theorem 2.3 Let ¥ be a real Banach space and K be a nonempty closed and convex subset 
of X. Let T: K — P(K) be a multivalued mapping such that F(T) 4 @ and Py is a non- 
expansive mapping. Let {x,y} be the sequence defined by (?7), where {an}, {Gn} and {yn} 
are real sequences in (0,1). Then {x,} converges strongly to a fixed point of T if and only if 
lim inf d(ty, F(T)) =0. 


Proof The necessity is obvious. Conversely, suppose that liminfd(x,,F(T)) = 0. As 
proved in Lemma 1.6, we have 


Il7n+1 — Pll S lan — pl 
which gives 
d(an41,F(T)) < den, F(T). 


This implies that lim d(x#,, F(T)) exists by Lemma 1.4 and so by hypothesis, lim inf d(ap, F(T )) = 
0. Therefore, we must have lim d(x,, F(T)) = 0. 


Next, we have to show that {z,,} is a Cauchy sequence in K. Let ¢ > 0 be arbitrary chosen. 
Since lim d(x, F(T)) = 0, there exists a constant n such that for all n > n 1 we have 
n—- co 


(an, F(T)) < 


ALO 


In particular, inf{||7,, — p|| :p ¢ F(Z)} < 4. There must exists a q € F(T) such that 


E 
lem — all < 5. 


Now for m,n > 11, we have 


|[Zntm— Fall < ||en4m— ll + len — all 
< 2l|zn, — all 
<< 2(=) =€. 


Hence {x,,} is a Cauchy sequence in a closed subset K of a Banach space ¥, and so it must 
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converge in K. Let lim zz, = q. Now 
n— co 





d(q1, Pr(a)) 


IA 


\ltm — H| + d(@n, Pr(@n)) + H(Pr(an), Pr(a)) 
2|¢n — gill + |lan — unl 


IA 


— OJOasn—-o 


which gives that d(qi1,7qi) = 0. But Py is a nonexpansive mapping and so F(T) is closed. 
Therefore, q, € F (Pr) = F(T). This shows that {x,} converges strongly to a point of F(T). 
This completes the proof. 














Theorem 2.4 Let X be a real Banach space and K be a nonempty compact conver subset of 
xX. Let T: K — P(K) be a multivalued mapping such that F(T) #40 and Py is a nonexpansive 
mapping. Let {an} be the sequence defined by (??), where {an}, {Bn} and {yn} are real 
sequences in (0,1). Then {an}, {yn} and {zn} converges strongly to a fixed point of T. 


Proof By Lemma 2.2, we have lim d(a,,7x,) = 0. Since by hypothesis K be a nonempty 
n— oo 
compact convex subset of ¥, so there exists a subsequence {x,,, } of {x,} such that jim |eng — 
CO: 
u|| = 0 for some u € K. Thus 


d(u,Pr(u)) < |lan, — ull + d(an,, Pr (an, )) + H(Pr(@n,), Pr(u)) 
s 2||2nx A ul| als Zn. = Ung || 
— Oask—oo. 
This shows that u is a fixed of T. From Lemma 2.1, we get that lim ||z, — ul] = 0. Again 


from Lemma 2.2, we get that 








lyn — Zn] = || —Bn)uin + Brwn — Ln 
< |lun — nl] + Bnllwn — unl 
< \|Un — 2n|| + ||Wn — Un 
— Oasn-w, 
and 
\|2n 7 Ln|| = \|(4 nin + YnUn Ln| 
< Yn||tn a In| 
< \|Un = Ln|| 
— Oasn-o. 
It follows that lim ||yn — ul] = 0 and lim ||z, — ul] = 0. Thus the conclusion follows. This 








completes the proof. 








Now, we apply Theorem 2.3 to obtain another strong convergence theorem in uniformly 
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convex Banach spaces satisfies condition (I) of Senter and Dotson [13]. 


Theorem 2.5 Let ¥ be a uniformly conver Banach space and K be a nonempty closed and 
convex subset of X. Let T: K > P(K) be a multivalued mapping satisfying condition (I) such 
that F(T) £0 and Pr is a nonexpansive mapping. Let {xn} be the sequence defined by (1.6), 
where {an}, {Bn} and {yn} are real sequences in (0,1). Then {a} converges strongly to a fixed 
point of T. 


Proof By Lemma 2.1, lim ||”, — pl] exists for all p € F(T) and so the sequence {xp} is 
bounded . Let lim ||x, — p|| =r for some r > 0. 


Now from Lemma 2.1, we know that 


Il2n41 — Pll < |lan — pl 


which implies that 


inf |lanci—pll< inf. llan —pll, 
df, llentn — Pll Sint, len ll 


and also d(%n+41, F(T)) < d(an, F(T)). And so, lim d(an, F(T)) exists. By using condition 
(1) and Lemma 2.2, we have 


lim f(d(an, F(T))) < Jim, d(tn,T rn) = 0. 


n—oo 


That is, 


lim f(d(an,F(T))) =0. 


n— Co 


Since f is a nondecreasing function and f(0) = 0, it follows that lim d(x,,F(T)) =0. The 
conclusion follows from Theorem 2.3. This completes the proof. 














Now, we prove the weak convergence theorem of the sequence {z,,} defined by (1.6). 


Theorem 2.6 Let ¥ be a uniformly convex Banach space satisfying Opial’s condition and K. be 
a nonempty closed and convex subset of X. Let T: K — P(K) be a multivalued mapping such 
that F(T) #0 and Pr is a nonexpansive mapping. Let {xy} be the sequence defined by (27), 
where {an}, {Bn} and {y,} are real sequences in (0,1). Let I — Pr be demiclosed with respect 
to zero. Then {a} converges weakly to a fixed point of T. 


Proof Let z € F(T). From Lemma 2.1, we know that lim ||z, — z|| exists. Now we 
prove that {x,,} has a unique weak subsequential limit in F(T). To prove this, let p; and po be 
weak limits of the subsequences {2,,} and {%,} of {an}, respectively. By (2.18), there exists 





Un € Tx, such that lim ||z, — up|] = 0. Since J — Py is demiclosed with respect to zero, 
n—co 
therefore we obtain p; € F(T). In the same way, we can prove that p2 € F(T). 


Next, we prove uniqueness. For this, suppose that p; 4 po. Then by Opial’s condition, we 
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have 


I 


lim ||x, — pi lim ||%n; — Pill 
noo Nioo 
< lim lan, — pall 


njg—oo 


= lim |la, — poll 


n— Oo 


= lim ||z,, — pall 








< lim |/¢n,; — pill 
Nj—7Co 


= lim |r — pill, 
nN—0o 


which is a contradiction. Hence {x,} converges weakly to a fixed point of T. This completes 














the proof. 


Remark 2.7 Our results extend, generalize and improve several corresponding results from 
the existing literature and iterative schemes discussed by Panyanak [10], Sastry and Babu [11], 
Song and Wang [14] and Song and Cho [16] in the sense of faster iterative scheme. 


Suzuki [17] introduced a condition on mappings called condition (C) which is weaker than 
nonexpansiveness. 


Recently, Abkar and Eslamian [2] introduced the definition of condition (C’) for multi- 
valued mapping. The definition is as follows. 


Definition 2.8([2]) A multivalued mapping T: X — CB(%) is said to satisfy condition (C) 
provided that 


1 
gta, T2) < |lx — yl > A(T 2,Ty) < |lz— yl], tye ¥. 


The following result can be found in [2]. 


Lemma 2.9((2]) Let T: ¥ + CB(X) be a multi-valued mapping. If T is nonexpansive, then 
T satisfies the condition (C). 


We mention that there exist single-valued and multi-valued mappings satisfying the con- 
dition (C) which are not nonexpansive. 


Example 2.10([17]) Define a mapping T on [0.3] by 


0, ifa 43, 
1, ike 3, 


T(x) = 


Then T is a single-valued mapping satisfying condition (C’), but T is not nonexpansive. 
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Example 2.11([{2]) Define a mapping T: [0,5] — [0,5] by 


[0,2], fa 45, 


T(x) = 
{1}, ife=5. 
Then it is easy to show that T is a multi-valued mapping satisfying condition (C), but T is not 


nonexpansive. 


Now, we obtain some strong convergence results using iteration scheme (1.6) and condition 


(C). 


Theorem 2.12 Let X be a real Banach space and K be a nonempty closed and convex subset of 
xX. Let T:K > P(K) be a multivalued mapping such that F(T) #0 and Pr satisfies condition 
(C). Let {a} be the sequence defined by (1.6), where {an}, {Gn} and {yn} are real sequences in 
(0,1). Then {a,} converges strongly to a fixed point of T if and only if lim inf d(x,, F(T)) =0. 


Proof The proof of Theorem 2.12 immediately follows from Lemma 2.1 and Theorem 2.3. 











This completes the proof. 





Theorem 2.13 Let X be a real Banach space and K be a nonempty closed and convex subset of 
xX. Let T: K — P(K) be a multivalued mapping such that F(T) #40 and Pry satisfies condition 
(C). Let {a,} be the sequence defined by (1.6), where {an}, {Gn} and {yn} are real sequences 
n (0,1). If the following condition is satisfied: 


(c1) there exists an increasing function w: [0,00) — [0,00) with w(r) > 0, Vr > 0 such 
that 
U(tn, Tan) 2 v(d(an, F(T)), (2.24) 


then {xn} converges strongly to a fixed point of T. 


Proof As in the proof of Lemma 2.2, we know that lim d(#,,T2,) = 0. Hence from 
(2.21) we obtain lim d(#,,F(Z)) =0. The conclusion of Theorem 2.13 can be obtained from 
Theorem 2.12 immediately. This completes the proof. 














§3. Concluding Remarks 


In this paper, we study a new three-step iteration scheme for multivalued nonexpansive map- 
pings in Banach spaces and establish some strong convergence theorems and a weak convergence 
theorem under some appropriate conditions applying on the space. Our results extend and gen- 


eralize several results from the current existing literature. 
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Abstract: Let G be a simple graph and A; (G) be a simplicial complex whose facets 
correspond to the paths of length ¢ (t > 2) in G. It is shown that A; (C;,) is matroid, vertex 
decomposable, shellable and Cohen-Macaulay if and only if n = t or n = t+ 1, where C’, is 
an n-cycle. As a consequence we show that if n = t or t+1 then A; (C,,) is partitionable 


and Stanley’s conjecture holds for K[A: (Cn)]. 
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§1. Introduction 


Let R = K[x1,--- , Xn], where K is a field. Fix an integer n > t > 2 and let G be a directed 
graph. A sequence 2;,,--- ,%;, of distinct vertices is called a path of length t if there are t — 1 
distinct directed edges e1,:-- ,e;-1 where e; is a directed edge from 7;, to 7;,,,. Then the path 
ideal of G of length t is the monomial ideal [,(G) = (ai, +++ %; 
t in G in the polynomial ring R = K[x,--- ,v,]. The distance d(x, y) of two vertices x and y 


12 €i,,°°* » 4, is a path of length 
of a graph G is the length of the shortest path from x to y. The path complex A;(G) is defined 
by 

Ai(G) = ({@i,,°++ Uy} 3 Li,,°°+ , @i, is a path of length t inG ). 


Path ideals of graphs were first introduced by Conca and De Negri [3] in the context of 
monomial ideals of linear type. Recently the path ideal of cycles has been extensively studied 
by several mathematicians. In [9], it is shown that Ij(C;,) is sequentially Cohen-Macaulay, if 
and only if, n = 3 or n = 5. Generalizing this result, in [13], it is proved that 1,(C,), (t > 2), 
is sequentially Cohen-Macaulay, if and only ifn =t orn =t+1 orn = 2t+1. Also, the Betti 
numbers of the ideal ;:(C;,) and I;(L,) is computed explicitly in [1]. In particular, it has been 
shown that 


Theorem 1.1(Corollary 5.15, [1]) Let n, t, p and d be integers such thatn > t > 2,n = 
(t+1)p+d, where p>0 and0<d< (t+1). Then, 
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(i) The projective dimension of the path ideal of a graph cycle C, or line Ly is given by 


2p, d#0 2p—1, dt, 
pd (Ii(Cn)) = pd Ii(Zn)) = 
2p—1, d=0 2p, d=t. 


(ii) The regularity of the path ideal of a graph cycle C,, or line Ly is given by 


reg (Ii(Cn)) = (t- l)p+d+l1 


pt—1)+1, d<t, 


reg (1i(Z£n)) = p(t — 1) aie t; d=t. 





In [8] it has been shown that, A;(G) is a simplicial tree if G is a rooted tree and t > 2. 
One of interesting problems in combinatorial commutative algebra is the Stanley’s conjectures. 
The Stanley’s conjectures are studied by many researchers. Let R be a N”-graded ring and M 
a Z”- graded R- module. Then, Stanley [10] conjectured that 


depth (M) < sdepth (M) 


He also conjectured in [11] that each Cohen-Macaulay simplicial complex is partitionable. Her- 

zog, Soleyman Jahan and Yassemi in [7] showed that the conjecture about partitionability is 

a special case of the Stanley’s first conjecture. In this work, we study algebraic properties of 

A: (Cy). In Section 1, we recall some definitions and results which will be needed later. In 

Section 3, we show that the following conditions are equivalent for all t > 2: 

i) Ay 

it) Az(Cp) is vertex decomposable; 

itt) A¢(C ») is shellable; 

iv) Az(C,) is Cohen-Macaulay; 
(v) n=tort+l1. 

(See Theorem 3.6). 


(C;,) is matroid; 


t 
t 


( 
( 
( 
( 


In Section 4 as an application of our results we show that ifn =t or t+1 then A; (C;,) is 
partitionable and Stanley’s conjecture holds for K[A; (C,,)]. 


§2. Preliminaries 


In this section we recall some definitions and results which will be needed later. 
Definition 2.1 A simplicial complex A over a set of vertices V = {21,--++ , Xn}, ts a collection 
of subsets of V, with the property that: 


(a) {aj} € A for all i; 
(b) If F © A, then all subsets of F are also in A (including the empty set). 
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An element of A is called a face of A and complement of a face F is V \ F and it is denoted 
by F’°. Also, the complement of the simplicial complex A = (F{,--- , F.) is A° = (F¥,:-- , FS). 
The dimension of a face F of A, dim F, is |F'| — 1 where, |F'| is the number of elements of F 
and dim @ = —1. The faces of dimensions 0 and 1 are called vertices and edges, respectively. 
A non-face of A is a subset F of V with F ¢ A. we denote by MN(A), the set of all minimal 
non-faces of A. The maximal faces of A under inclusion are called facets of A. The dimension 
of the simplicial complex A, dimA, is the maximum of dimensions of its facets. If all facets of 
A have the same dimension, then A is called pure. 

Let F(A) = {Fi,--: , Fy} be the facet set of A. It is clear that F(A) determines A 
completely and we write A = (F\,:-- , F,). A simplicial complex with only one facet is called 
a simplex. A simplicial complex I is called a subcomplex of A, if F(T) Cc F(A). 

For v € V, the subcomplex of A obtained by removing all faces F € A with v € F is 
denoted by A \ v. That is, 

A\v=(FEA: v€ F). 


The link of a face F € A, denoted by linka(F), is a simplicial complex on V with the 
faces, G € A such that, GN F = @ and GUF € A. The link of a vertex v € V is simply 
denoted by link, (v). 


linka(v) ={F eA: v€éF, FU{v} eA}. 


Let A be a simplicial complex over n vertices {1,--- , an}. For FC {a1,--- , an}, we set: 
XP = Il XG. 
uiCFr 


We define the facet ideal of A, denoted by I(A), to be the ideal of S generated by {xrp: Fe 
F(A)}. The non-face ideal or the Stanley-Reisner ideal of A, denoted by Ia, is the ideal of 
S' generated by square-free monomials {xp: F € N(A)}. Also we call K[A] := S/I, the 
Stanley-Reisner ring of A. 


Definition 2.2 A simplicial complex A on {21,--+- ,Un} ts said to be a matroid if, for any two 
facets F and G of A and any x; € F, there exists ax; € G such that (F \ {a;}) U{a;} is a 
facet of A. 


Definition 2.3 A simplicial complex A is recursively defined to be vertex decomposable, if it is 


either a simplex, or else has some vertex v so that 


(a) Both A\ v and linka(v) are verter decomposable, and 
(b) No face of linka(v) is a facet of A\ v. 
A vertex v which satisfies in condition (b) is called a shedding vertex. 
Definition 2.4 A simplicial complex A is shellable, if the facets of A can be ordered F\,--- , Fs 


such that, for alll <i<j<-s, there exists some v € F; \ F; and some le {1,--- ,j —1} with 
Fe ay Sok 
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A simplicial complex A is called disconnected, if the vertex set V of A is a disjoint union 
V =V, UVs such that no face of A has vertices in both V; and V2. Otherwise A is connected. 
It is well-known that 


matroid = > vertex decomposable => shellable = Cohen-Macaulay 


Definition 2.5 For a given simplicial complex A on V, we define AY, the Alexander dual of 
A, by 
AY ={V\F: Fé¢ A}. 


It is known that for the complex A one has Iav = I(A‘). Let I 4 0 be a homogeneous 
ideal of S and N be the set of non-negative integers. For every i € NU {0}, one defines: 


tP(I) = max{j: 62, (I) #0} 


where pF, (1) is the 7, j-th graded Betti number of J as an S-module. The Castelnuwovo-Mumford 
regularity of I is given by: 

reg(I) = sup{t?(I) —i: ie Z}. 
We say that the ideal J has a d-linear resolution, if I is generated by homogeneous polynomials 
of degree d and OF ,(1) = 0, for all 7 A2+d andi > 0. For an ideal which has a d-linear 
resolution, the Castelnuovo-Mumford regularity would be d. If I is a graded ideal of S, we 
write (Ia) for the ideal generated by all homogeneous polynomials of degree d belonging to I. 


Definition 2.6 A graded ideal I is componentwise linear if (Iq) has a linear resolution for all 


d. 


Also, we write [jg for the ideal generated by the squarefree monomials of degree d belonging 
to I. 


Definition 2.7 A graded S-module M is called sequentially Cohen-Macaulay (over K ), if there 
exists a finite filtration of graded S-modules, 


0=M)CcCMic::-CM-=M 
such that each M;/M;-1 is Cohen-Macaulay, and the Krull dimensions of the quotients are 


increasing: 


dim(M,/Mo) < dim(M2/M;) <Sree< dim(M,./M,-1). 


The Alexander dual, allows us to make a bridge between (sequentially) Cohen-Macaulay 


ideals and (componetwise) linear ideals. 


Definition 2.8(Alexander Duality) For a square-free monomial ideal I = (Mj,---,M,g) CS = 
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K[x1,--- ,2n], the Alerander dual of I, denoted by IY, is defined to be 


IY = Py, N+: Py 


where, Pu, is prime ideal generated by {x;: x;|M;}. 
Theorem 2.9(Proposition 8.2.20, [6]; Theorem 3, [4]) Let I be a square-free monomial ideal 
in S = K[x1,--++ , 2p]. 


(i) The ideal I is componentwise linear ideal if and only if S/IY is sequentially Cohen- 
Macaulay; 
(it) The ideal I has a q-linear resolution if and only if S/IY is Cohen-Macaulay of dimen- 


sion Nn — q. 
Remark 2.10 Two special cases, we will be considering in this paper, are when G is a cycle 


C,,, or a line graph L,, on vertices {21,--- , Up} with edges 


E (Cn) me {{x1, v9}, {X2, 03}, ike y{2n—-1y En}, fagver>\ 
E (Ln) = {{ aie a>}; {X2, ¢3}, ae iy tret } 


§3. Vertex Decomposability Path Complexes of Cycles 


As the main result of this section, it is shown that A; (C;,,) is matroid, vertex decomposable, 
shellable and Cohen-Macaualay if and only ifn =t or n =t+1. For the proof we shall need 
the following lemmas and propositions. 


Lemma 3.1 Let A;(L,) be a simplicial complex on {x1,-+- , an} and2<t<n. Then A;(L,) 


is vertex decomposable. 


Proof If t =n, then A,,(L,) is a simplex which is vertex decomposable. Let 2 <t <n 
then one has 


Ai (Ln) ime ({z1,° of tr}, {2,- oo »Zr41},° ii »{@n—t41)° - Enh). 


So Ai(Ln) \ Un = ({41,-++ , Ue}, {va,°-+ , Gezi}y- ++ | {@n-t,°++ ,Un-1}). Now we use induction 
on the number of vertices of L,, and by induction hypothesis A;(L,,)\ap is vertex decomposable. 
On the other hand, it is clear that link, ,(z,,){@n} = ({@n—t41,°°* »£n—1}). Thus link ,(z,,) {tn} 
is a simplex which is not a facet of Ay(Lp) \ an. Therefore A;(L,,) is vertex decomposable. 














Lemma 3.2 Let Ao(C,,) be a simplicial complex on {x1,-++,4%n}. Then Ao(Cy,) is verter 


decomposable. 


Proof Since Ag(C;,) = ({x1, x2}, {v2, 3},-++ , {@n-1, Un}, {Ln, 21}), we have 


A2(Ch) ‘ In = ({x1, ) r2}, {%2, x3}, ‘ap »{£n—2;2n—1}). 
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By lemma 3.1 Ag(C,)\%n is vertex decomposable. Also it is trivial that linka,(¢,){@n} = 
({@n—1}, {@1}) is vertex decomposable and no face of linka,(c¢,,){@n} is a facet of A2(Cp) \ an. 














Therefore Ap(C;,,) is vertex decomposable. 


Lemma 3.3 Let A;(C,,) be a simplicial complex on {21,--- ,%m} and3<t<n-—2. Then 
Ai (Cy) is not Cohen-Macaulay. 


Proof It suffices to show that Ia,(c,,)v has not a linear resolution. Since Ia,¢,)v = 
I(A;(C,)°) then one can easily check that Ia ,(c,,)v = In—t(Cn). By Theorem 1.1 we have 


reg(Ia.(c,)Y) = (n —-t-— 1)p+ d+ 1. 


Since 3 < t <n—2 then one has reg(Ia,(c,,)v) # n—# and by Theorem 2.9 A;(C;,) is not 
Cohen-Macaulay. 














Proposition 3.4 Let A;(C;,) be a simplicial complex on {x1,--+- , an} andt > 3. Then Ai(C,) 


is vertex decomposable if and only ifn =t ort +1. 


Proof By Lemma 3.3 it suffices to show that if n = t or t+ 1, then A;(C,,) is vertex 
decomposable. If n = t, then A,,(C,,) is a simplex which is vertex decomposable. If t = n — 1, 


then we have 


An-1(Cn) = (fais a Oni}; [£25* = ta}, {ea “< aatatse aN pita Ci4® 7 ,£n—2}). 


Now we use induction on the number of vertices of C,, and show that A,_1(C;,) is vertex 
decomposable. It is clear that An—i(Ch) \ an = ({£1,°++ ;&n—1}) is a simplex which is vertex 
decomposable. 

On the other hand, 


linka,,_1(C,){@n} = ({21, <— ,fn_2}, 4 :{2n—1) Ti, 70° ,fn—3}) = Dey o(Cp si) 


By induction hypothesis link,,,_,(c,,){@n} is vertex decomposable. It is easy to see that 
no face of linky,,_,(c,,){@n} is a facet of An—1(Cn) \ %n. Therefore A,_1(Cy) is vertex decom- 











posable. 





Proposition 3.5 Ao(C,) is a matroid if and only if n = 3 or 4. 


Proof If n = 3 or 4, then it is easy to see that Ao(C,,) is a matroid. Now we prove the 
converse. It suffices to show that Ag(C;,) is not a matroid for all n > 5. We consider two 
facets {x1, 22} and {%p_1,%,}. Then we have ({21, 22} \ {a1}) U {@n_1} = {x2,¢n-1} and 
({a1, v2}\ {ai })Uf{an} = {x2, an}. Since {22, v,-1} and {x2, x,} are not the facets of Ag(C,). 
So Ao(C;,,) is not matroid for all n > 5. 














For the simplicial complexes one has the following implication: 


Matroid => verter decomposable => shellable = Cohen-Macaulay 
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Note that these implications are strict, but by the following theorem, for path complexes, 
the reverse implications are also valid. 


Theorem 3.6 Lett > 3. Then the following conditions are equivalent: 


i) At 
it) At(C,) is vertex decomposable; 
A 


( (Cy) is matroid; 
( 

(iti) Ay(Cy) is shellable; 
( 

( 


t 
t 
iv) At(C,) ts Cohen-Macaulay; 
v) n=tort+l. 


Proof (i) => (it), (it) => (tit) and (iti) => (iv) is well-known. 
(iv) => (v) follows from Lemma 3.3 and Proposition 3.4. 


(v) => (i): If n =¢t, then A;(C;,) is a simplex which is a matroid. If n =t+ 1, then 


Ai (Cn) = ({1,- ae ep ea +s Mee tes; A RAs Dt bi os »{2141,01,° re , 24-1}). 


For any two facets F and G of A;(C;,) one has | FNG |=t—1. We claim that for any two 
facets F and G of A;,(C;,) and any x; € F, there exists a x; € G such that (F'\ {v;})U{a;} isa 
facet of A;(C,,). We have to consider two cases. If x; € F and x; ¢ G, then we choose 7; € G 
such that x; ¢ F. Thus (F \ {x;}) U{a,;} = G which is a facet of A;(C;). 

For other case, if 7; € F and x; € G, then we choose x; € G such that x; is the same 7;. 
Therefore (F' \ {x;}) U {a} = F is a facet of A:(C;,) which completes the proof. 














§4. Stanley Decompositions 


Let R be any standard graded K- algebra over an infinite field K, i.e, R is a finitely gener- 
ated graded algebra R = ©.) Ri such that Ro = K and R is generated by R,. There are 
several characterizations of the depth of such an algebra. We use the one that depth (R) is 
the maximal length of a regular R- sequence consisting of linear forms. Let trp = Nie rx; be 
a squarefree monomial for some F' C [n] and Z C {a,--:,an}. The K- subspace rr Kk [Z| 
of S = K[x1,--- ,x,] is the subspace generated by monomials zu, where u is a monomial in 
the polynomial ring K[Z]. It is called a square free Stanley space if {x; : 7 ¢€ F} C Z. The 
dimension of this Stanley space is |Z|. Let A be a simplicial complex on {21,--- ,x,}. A square 
free Stanley decomposition D of K[A] is a finite direct sum @,; u:K[Z;] of squarefree Stanley 
spaces which is isomorphic as a Z"- graded K- vector space to K[A, i.e. 


K[A] & © ujK [Zi]. 


We denote by sdepth (D) the minimal dimension of a Stanley space in D and define sdepth (K[A]) 
= max{sdepth (D)}, where D is a Stanley decomposition of K[A]. Stanley conjectured in [10] 
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the upper bound for the depth of K[A] holding with 
depth (K[A]) < sdepth (K[A]). 


Also we recall another conjecture of Stanley. Let A be again a simplicial complex on 
{x1,--+ ,@n} with facets G1,--- ,G,. The complex A is called partitionable if there exists a 
partition A = eae, Gi] where F; C G; are suitable faces of A. Here the interval [F;, Gj] is 
the set of faces {H € A: F; C H CG;}. In [11] and [12] respectively Stanley conjectured each 
Cohen-Macaulay simplicial complex is partitionable. This conjecture is a special case of the 
previous conjecture. Indeed, Herzog, Soleyman Jahan and Yassemi [7] proved that for Cohen- 
Macaulay simplicial complex A on {x1,...,%n} we have that depth (A[A]) < sdepth (A [A]) if 
and only if A is partitionable. Since each vertex decomposable simplicial complex is shellable 


and each shellable complex is partitionable. Then as a consequence of our results, we obtain 


Corollary 3.1 Ifn=t ort+1 then A; (C,) ts partitionable and Stanley’s conjecture holds 
for K[A: (C,,)]. 


Acknowledgment. The author is deeply grateful to the referee for careful reading of the 
manuscript and helpful suggestions. 
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Abstract: We study the estimates for the Second g-Hankel determinant of analytic func- 
tions in a class which unifies a number of classes studied previously by Darus, Ramreddy, 
Ravichandran, Yang and others. Our class includes g-convex and q-starlike functions. Also 
we study the estimate for g-Toeplitz determinants whose elements are the coefficients a, for 


f in close-to-q-convex functions. 


Key Words: Second Hankel determinant, subordination, g-starlike and g-convex functions, 


close-to-q-convex, Toeplitz matrices. 
AMS(2010): 30C45. 30C50. 
§1. Introduction 


The Hankel determinants H,(n) of Taylor’s coefficients of function f € A where A denotes the 


class of functions of the form 


co 

f(z) =zt >) anz”, (1.1) 
n=2 

which are analytic in the open unit disk U = {z:2¢€C and |z| < 1}. is defined by 
an Qn4+1 ey, An+q-1 
Qn4+1 An4+2 hes An+q 
H,(n) := 
Qn+q-1 Gn+q °** Gn+2q-—2 








where (a4, = 1, n =q€N). Hankel matrices (and determinants) play an important role in 
several branches of mathematics and have many applications [11]. H2(1) is the classical Fekete- 
Szeg6 functional. Fekete-Szego in [4] found the maximum value of H2(1). Pommerenke in [16] 
proved that the Hankel determinant of univalent functions satisfy 


|H_(n)| < Kn-(at8)at3 (n=1,2,--- ,¢ = 2,3,---), 
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where 7 > a and K depends only on q. 


Hayman [8] showed that 
| Ho(n)| = |ananso — a2 4)|< An? jn =2,3,--, 


where A is an absolute constant for a really mean univalent functions. Hankel determinants 
are useful in showing that a function of bounded characteristic in U, i.e, a function which 
is ratio of tow bounded analytic functions with its Laurent series around the origin having 
integral coefficients, is rational. In recent years, several authors investigated bounds for the 
Hankel determinant belonging tow various subclasses of univalent and multivalent functions 
in a class which unifies a number of classes studied earlier by Deepak Bansal, K. I. Noor, T. 
Yavuz, Sarika Verma, Shigeyoshi Owa and others. Closely related to Hankel determinants are 
the Toepliz determinants. A Toeplitz matrix T,(n) defined by 








An Oggi: FSS ngs 
Tq(n) := isiige + 
Qnt+q-1 On+q °*° Gn, 
A Toeplitz matrix can be thought of as an upside-down Hankel matrix, in that Hankel ma- 


trices have constant entries along the reverse diagonal, whereas Toeplitz matrices have constant 
entries along the diagonal. A good summary of the applications of Toeplitz matrices to a wide 
range of areas of pure and applied mathematics can also be found in [11]. 

We aim to define q-starlike, g-convex functions and Ma-Minda starlike and convex func- 
tions. We use the concept of principle of subordination and gq-calculus to define our classes. 
Recently in the second half of the twentieth century q-calculus aroused interest due to lot of 
applications in the various mathematical fields such as combinatorics, number theory, quantum 


theory and the theory of relativity. The g-derivative of a function is defined in the following. 


Definition 1.1([9]) The q-derivative of f is given by 


f(2)—f(a2) 0 
A, f(z)=< 20-9)? a , whereO<q<1. (1.2) 
f"(0), z=0. 


Equivalently, (1.2) may be written as 


Og f(z) =1+ > [nlqanz™"*, 240 
n=2 


where 





Bis 
wy 694i 


; q= 1. 
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Note that asg— 17, [n]q— 7. 


Definition 1.2([7]) Let f be analytic inU and be given by (1.1). Then a function f is starlike 
if and only if, R { 2s sal > 0. We denote the class of starlike functions by S*. 





F(2) 


The class of functions with positive real part plays a significant role in complex function 
theory. Using principle of subordination we define the functions with positive real part. 


Definition 1.3([17]) Let f and g be analytic in U, then f is said to be subordinate to the 
function g, written f(z) ~ g(z), if there exists an analytic function w : U — U satisfying 
w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)), zEU. 


Definition 1.4([3]) Let P denote the class of analytic functions p: U—> C, p(0) = 1, 
and ¥{p(z)} > 0, then p(z) ~ +. 


1-z 





The class P can be completely characterized in terms of subordination. We need the 


following lemmas to derive our results. 
Lemma 1.5([3]) Jf the function p € P is given by the series 

pz) =1l+tez+eoz? +0327 4+-::, (1.3) 
then the following sharp estimate holds: 


len| < 2 (n = 1,2,---). 


Lemma 1.6([6]) Jf the function p € P is given by the series (1.8), then 
2co = cf + #(4— c?), (1.4) 


4cg = 2 + 2(4— G)ea — 1 (4 — cf)a? + 2(4 — 2) (1 — |a|?)z, (1.5) 








for some x, z with |a| <1 and |z| <1. 


§2. Main Results 


Definition 2.1 Let p:U —C be analytic, and let the Maclaurin series of p is given by 
y(z) =1+ Biz+ Boz? + B3z7+--- (Bi, Bo € R, By > 0). (2.1) 


LetO0<y <1 andre C\{0}. A function f € A is in the class Rj, (y) if it satisfies the 


following subordination: 


1+ = (8, f(z) +7202 (2) - 1) < e(2). 
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Theorem 2.2 Let 0 < y < 1, 7 € C\{0} and let the function f as in (1.1) be in the class 
T lglg -4is|e) 
Ri wl¥ Vs Also let p= = ane CE CPS) a 


(1) If Bi, Bz and Bs satisfy the conditions 2|B2|(1— p) + Bi(1— 2p) < 0, |B, Bs — pB3| — 
pB? <0, then the second Hankel determinant satisfies 


|aza4 —a3| < Par 
([3]q)?(1 + [2]a)? 


(2) If Bi, Bo and Bz satisfy the conditions 2|B2|(1—p) + Bi(1— 2p) > 0, 2|B,B3 — pB3| — 
2(1—p)B,|B2|—B, > 0, or the conditions 2|B2|(1—p)+B,(1—2p) < 0, |B, B3—pB?|—pB? > 


0, then the second Hankel determinant satisfies 


Ir? 


[Z}ql4]a(1 + (1 + [3]a) 


(3) If Bi, Bz and Bs satisfy the conditions 2|B2|(1 — p) + Bi(1— 2p) > 0, |Bi Bs — pB3| — 
pB? <0, then the second Hankel determinant satisfies 


laza4 — a3| < |B, Bz — pB3\. 


|r|? B? 
4[4]_[2]g(1 +). + [3]q7) 
4p|B, B3 — pB3| — 4Bi(1 — p)||B2|(3 — 2p) + Bi] — 4B5(1 — p)? — B7(1 — 2p)? 
|B Bs — pB3| — By(1 — p)(2|Ba| + Bi) 


lazaq — a3] < 








Proof Since f € R7_,(y), there exists an analytic function w with w(0) = 0 and |w(z)| < 1 
in YU such that ‘ 
1+ =(Ogf (2) + 720; f (2) — 1) = e(w(2)). (2.2) 


Define the function p; by 


1l+w(z 
pile) = AE steasteadte, 


or equivalently, 


w(e) = BE = (az+ (2-2) 2 + («-ae+4) B+.) (2.3) 


Then p; is analytic in U% with p;(0) = 0 and has a positive real part in U/. By using (2.3) 
together with (2.1), it is evident that 


pi(z)-1 1 1 a 1 2\ 2 
PEO \ G2 jake prereset pels |B dices 2.4 
? a + *) 2 ona Se a 2 4 ss (2.4) 
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since f has the Maclaurin series given by (1.1), a computation shows that 








+ 2(Ggf(2) +7202 f(2)—1) = 14+ Pe +), , Blass + Pe) ,2 
ne Boalt [3]q7) Pods 22s (2.5) 
It follows from (2.2), (2.4) and (2.5) that 
, TBicy 
' 2[2]4(1 +7)’ 
TB, 2 By 
% = g,0+Pen C2 toe, )) 
a4 = maa [Bi(4c3 — 4cie2 + cf) + 2Bocy (2c2 — cf) + B3c¥] . 
Therefore, 
a2a4 — a3 
See ee 2 [Bi (4c3 — 4c1c2 + cf) + 2Boc1 (2c2 — cf) + BscF] 
16([4)2J)a+)A+Blan 8 ee Bete Pen Sie eel 
7? Be 2 Bp 2 2B 
~ T6(B),)° + Bla? [te eg, Sh) eae ) 
TBics 2 2Boct », , B3 
Ta 2yd + 70+ Bey) { | [Heres dened + ef) + BS (ae — ot) + Bal 
4Jo2lo(L+ 1+ ler) [, 2, 4, Be a2 >, Ba 
(Baa + Bia? [He ea SAG ) \ 


which yields 

















Bee 158s Bs 
lagag—a3| = T\4eyc3 +t f am We P+ Z| 
Bo Bo 
Ape} — Acton ft - F2 + 2 -)]), (2.6) 
where, 
were A} g{2|g(1 1 
_ [n and p= L#lalaG +9)(1+ Ben) 
16([4]q[2]q)(1 + 7) + [3]q7) ((3]q)?(1 + [2]a7) 
It can be easily verified that p € [S, $] forO<y<land0<q<\1. Let 
ak deel setae), i 
[ee ae [1 282 — p(B2 — 1)? 4 | 


Then (2.6) becomes 





2 2 2 4 
aza4 — a3| =T |dicics + dgcicg + dgcy + dacj} . (2.8) 
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Since the function p(e’’z)(@ € R) is in the class P for any p € P, there is no loss of 
generality in assuming c; > 0. Write c; = c,c € [0,2]. Substituting the values of cp and c3 
respectively from (1.6) and (1.5) in (2.8), we obtain 


T 
lazag—a3| = |c* (dy + 2d2 + dz + 4d4) + 2ac*(4 — c?) (dy + dz + ds) 


4 
+ (4 —c?)a? (—dyc? + d3(4 — c”)) + 2dye(4 — c?)(1 — |2|?2z)]. 











Replacing |x| by and substituting the values of d1,d2,d3 and d4 from (2.7) yields 


T B B? 
2 4 3 2 2 2 

a2a4 — a — |4c° |— - ps c(4—c)(1—- 
lag 4 3| A | B, PR? bt ( ) p) 


+(4— ¢*)u?(4e* + 4p(4 — c”)) + 8c(4 — c”)(1 — p:”)] 


IA 








+3|2 
By, 














B 
+ 2c(4 — c”) 4 2a | 
1 





ets e)(L= 9) 


tur(4—c*)(1 — p)(e— a)(c — B)] = F(e,n), (2.9) 





where a = 2, 3 = 2p/(1—p) > 2. 


Note that for (c, 4) € [0,2] x [0,1], differentiating F'(c, 4) in (2.9) partially with respect to 
L yields 





OF By 
mat le 





o(4—c*)(1— p) + 2u(4— e*)(1—p)(e— alle a)]. (2.10) 


Then, for 0 < uw <1, 0<q< 1 and any fixed c with 0 < c < 2, it is clear from (2.10) that 


oe > 0, that is, F'(c, w) is an increasing function of 4. Hence, for fixed c € [0,2], the maximum 
of F(c, u) occurs at pp = 1, and 


max F'(c, uw) = F(c,1) = G(o), 























which is 
Bz; BB Bo Bo 
G(oc) =T 4c || = — p*|-— (1 —p) (2/—“/4+1 4c? |2|—=*] (1 1—2p| +16p>. 
(c) {|| PR? ( v) (2| | +1)] + 4c B, | | p)+ p| + 16p 
Let 
Fe a eee (1—p)(2)=*/41 
B, ?B? ca as) 
Bz 
= 4/2/—“|(1—p)4+1-2p], (2.11) 
By 
Z = 16p 
Since 
Z, Y<0,X< =; 
max(Xt?+Yt+Z)=4 16X+4Y4+Z, Y>0,X >=Yory <0,x >>; (2.12) 
4X Z-Y? 


AX ’ YS Ox Sy 
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where 0 <t < 4. Then we have 


B 
lagag—az| < ee 
16([4]q — 1)([3]a — 1) (2]q — 1) 
Z, Y<O x55; 
x. 16X+4V4+2Z, Y>20,X>— or Y <0,X> >; 
4XZ-Y? _ 
mars cae Y>0,X <=, 





where X,Y and Z are given by (2.11). 











Remark 2.3 notice that 


(1) As g— 17 Theorem 2.2 reduces to Theorem 3 in [12]. 
(2) As q— 17 for the choice y(z) := (1+ Az)/(1+ Bz) with -1 < B< A<1 Theorem 
2.2 reduces to Theorem 2.1 in [12]. 


Definition 2.4 An analytic function f is close-to-q-conver in U, if and only if, there exists 
g € Sq such that 
ne { uf) | >0 
g(z) 
We denote the class of close-to-q-convex functions by Kg. 


For f € S*, we can write 20, f(z) = f(z)h(z), where h € P, the class of function satisfying 
Rh(z) > 0 for z €U and 


h(z) =1+ > CnZ”. 
n=2 


For f € Ky, we can write 20, f(z) = g(z)p(z), where p € P and 
pz) =1+ Spa” 
n=2 
Theorem 2.5 Let f € Kg and given by (1.1) with associated starlike function g define by 


g(z) =z2+ ys bnz”. 
n=2 


Then 
T2(2) = |a3 — a3| < [BJg,  (b2 ER) 


and the inequality is sharp. 


Proof Write z0,f(z) = 9(z)h(z) and zg'(z) = g(z)p(z), with 


h(z) =1+ ye Cn2” 
n=1 
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and 43 
2) = 14 ae” 
n=1 


Then equating the coefficients in 20, f(z) = g(z)h(z) where coefficients’ relations from z9'(z) = 
g(z)p(z) is also used, we obtain 





a2 + Pi 
2 a ’ 
[2], 
ae Pi + p2 + 2picr + 2c2 
fe, Ee eee 
2(3]q 
so that 
—1 1 2 2 1 1 
lag a3] = Jose t ago — Sap + agen — SP t Pi + OP 
[2]? [3]? [2]? [3]? [2]? [3]? [3]? 


of ey eat fee ee 
79 C1D Fra? Ta]2 C2P2 7 Tag C1P1P2 T+ Fpay_QP1P2 + FaaP2) - 
[3] "432°" © [3] [313 2[3)2~ 432°? 


We now use Lemma 1.6 to express cg and pg in terms of c, and p; and writingX = 4 — c? 
and Y = 4 — p? for simplicity to get 





jaz — a5| 
ie i+, : ct : Ta CIPI : me i+ [ cp 
= |pet * ae BeOP + BOP BBP + TOP 
3 9 1 1 3 
reer any anne X 4+ — eX 
yap + 16[3 Top”! Se yep ate Be + ape” 
! aXe 4 : Y + : Y 
+— 2 —¢? =e 
3 1 1 
Y oXyY ay? 
+ gap? + gee?" © TeseY 


Without loss in generality we can assume that c; = c where 0 < c < 2. Also since we are 
assuming b2 = p; to be real, we can write p; = r, with 0 < |r| < 2, and write |r| = p. We 
note at this point a further normalisation of p; to be real would remove the requirement that 


pi = bg is real, but such normalisation does not appear to be justified. It follows from Lemma 
1.6 that with now X = 4— c? and Y = 4— p”. So, 





|a3 — a5| 
< [ae + act — Sept agp — ap? + Pp? + op? + a! 
[2]? 4[3]2 [2]? [3]? [2]? 4[3)2 2[3)2 16[3]2 
tage? hX 4 eve + aes dp rE 2x? 4 rors 
1 a8 1 Oh 8 ees 
tape Puy + app? ly|Y¥ + "i + Tepe! Y*. 
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Now we assume |x| < 1 and |y| < 1 and simplify to obtain 


; Zl eo 7 


lag—a3| < loge + pan - op + cp = op? eae PE op? a —, 
[22° 432° 22 * 32 [2)2° 43 )2 2[3)2 16[3]z 
9 ee na oe a ee ee 
top aes Pee ee Pe ao aa eee 
[3]? 4[3)32° (3B [32 [3] 4/32 2(3]2 16(3)7 


Suppose that the expression between the modulus signs is positive, then 


9 1 2(3[2]? — [3]? 
9 1g , 280 — 1) 
Be (213 [21713] 

26 2le [slay 
[21313] 
Then for 0 << c< 2 and 0 < p < 2 and fixed gq with 0 < q < 1 and calculus we get that a (c, p) 


has a maximum value of [5], at [0,2]. 


Jaz — a3| < vi (c,p) 


1 
Be P Be? + Tee? 


If the expression between the modulus signs is negative, then 


22 eee 1 5 1 2(3[2]¢ + [3]5) 

Oe SCE a pe ase ae 
2 3,2let Ble 2 5 2p2_ 2 3 7 
“BEY RRBE ”  2BR CBR BBR 


Then for 0 << c< 2 and 0 < p< 2 and fixed q with 0 < q < 1 and calculus we get that «2(c, p) 
has a maximum value less than [3], . Thus the proof is complete. 

















As q— 1-, we have following result due to D. K. Thomas and S. Abdul Halim [18]. 


Corollary 2.6 Let f € K and be given by (??) with the associated starlike function g be defined 
by 


g(z) =z2+ S- bnz”. 
n=2 


Then 
Tp(2) = |a2 — a3] <5, 


provided bz is real. The inequality is sharp. 
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Abstract: In this paper, obic algebras are introduced and their properties are investigated. 
Homomorphisms and krib maps as well as monics of obic algebras are studied. Properties 


of implicative obic algeras are also investigated. 
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§1. Introduction 


Algebras of type (2,0) are well known types of algebraic structures. They comprise non-empty 
sets, some constant element together with a binary operation. In [1], Kim and Kim introduced 
the notion of BE-algebras. Ahn and so, in [2] and [3] introduced the notions of ideals and upper 
sets in BE-algebras and investigated related properties. In this paper, a new class of algebras 
called obic algebras are introduced. Their properties are investigated. Homomorphisms and 
krib maps as well as monics of obic algebras are studied. Moreover, translations in obic algebras 
are investigated as well as properties of implicative obic algebras. 


Definition 1.1 A non-empty set X together with a binary operation * defined on X is called 


a groupoid. 


Definition 1.2 A triple (X;*,0), where X is a non-empty set, * a binary operation on X and 0 
a constant element of X is called an obic algebra if the following axioms hold for alla,y,z © X: 


(1) a*0=a; 
(2) [aw * (yx z)|*¥a = ax [yx (z*2)]; 
(3) cxxr=0. 


Example 1.1 Consider the multiplicative group G = {1, —1,i, —i}. Define a binary operation 
* on G by ax b =ab~!. Then (G; x, 1) is an obic algebra. 


Example 1.2 Let Z denote the set of integers. Then (Z; —,0) is an obic algebra. 
Example 1.3 Let X = {0,1}. Define a binary operation * on X in Table 1. 


1Received June 11, 2019, Accepted December 2, 2019. 
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Table 1 
Then, (X,*,0) is an obic algebra. 


We shall adopt the notation X for an obic algebra (X;*,0) unless stated otherwise. 
Definition 1.3 An obic algebra is called simple if y * (z* x) =a*(y*z) for allx,y,zEX. 


Definition 1.4 An obic algebra is called plain if 0 * (y * z) = (O*y)*z for ally,z EX. 


Definition 1.5 An obic algebra X is said to have the weak property (WP) if x xy = 0 and 
y* x =0 imply that x = y. 


Definition 1.6 An obic algebra X is called prime if0*x2=0 for alla Ee X. 


Lemma 1.1 Let X be an obic algebra. Then for all x,y € X, the following hold: 


Definition 1.7 A non-empty subset S of an obic algebra X is called a subalgebra if S is an 


obic algebra with respect to the binary operation in X. 


Example 1.4 Let X be an obic algebra. Then X and {0} are subalgebras of X. 


Example 1.5 Let X be the obic algebra in example 1.1. Then the subset {1, —1} is a subalgebra 
of X. 


The following results are immediately obtained by the definition. 


Proposition 1.1 A non-empty subset S of an obic algebra is a subalgebra if and only if the 
following hold: 

(1)0€S; 

(2)axyeES forallz,yeS. 


Proposition 1.2 Let X be a plain obic algebra. Then, the subset S = {a € X :0*a2 =0} is a 
subalgebra of X. 


§2. Obic Homomorphisms 


Definition 2.1 Let (X;*,0) and (Y;0,0') be obic algebras. A function f : X — Y is called 
an obic homomorphism if f(a* b) = f(a) o f(b) for alla,be X. 


Definition 2.2 Let f : X — Y be an obic homomorphism. The set {x € X : f(x) = 0'} is 
called the kernel of f. 
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Proposition 2.1 Let f : X — Y be an obic homomorphism. Then the kernel of f is a 
subalgebra of X. 


Then, we get conclusions following by definition. 


Proposition 2.2 Let f: X — Y be an obic homomorphism. Then, 


(1) f(0) =0'; 
(2)a*y=05 f(x)o f(y) =0' for alla,yE X. 


Let f : X — Y be an obic homomorphism. Define a relation ~ by (x ~ y) & f(x) = f(y). 
Then, we know 


Lemma 2.1 Let f : X — Y be an obic homomorphism. The relation ~ defined by (x1 ~ y) > 


f(x) = f(y) ts an equivalence relation. 


Definition 2.3 An equivalence relation ~ on an obic algebra X is called a congruence if (a ~ y) 
and (u~ v) => (a@*u) ~ (y*v). 


We have the following result by definition. 


Lemma 2.2 Let f : X — Y be an obic homomorphism. The equivalence relation ~ defined by 


(x ~ y) => f(x) = f(y) is a congruence. 


Let [2] be the equivalence class of c € X and let X denote the collection of equivalence 
classes in the equivalence relation ~. Define a binary operation o on X by [z] o [y] = [x * y]. 


Theorem 2.1 Let f : X —- Y be an obic homomorphism. Then (X;°,[0]) is an obic algebra. 


Proof By Lemma 2.2, the binary operation © is well-defined. Now, let [2], [y], [z] € X. 
Consider [2] © [0] = [a * 0] = [a]. Also, 


(iz) (yl o[z))) ol] = (lal [y *2])° [2] = (fe * y *2))) [2] 
= [(u* (y*z)) *a] = [e* (y* (2 *2))] 
= Iz] (ly}o ([2}¢[2)). 














Also, [x] o [x] = [a * a] = [0]. 
Theorem 2.2 Let f : X — X be an endomorphism. Then f(X) is isomorphic to X. 


Proof Consider the map ¢: f(X) > X such that 6(y) = [y]. Let y1, ye € f(X). Then 
(ys * y2) = [yr * yo] = [yi] > [y2] = (y1) > G(y2). Also, ¢ is one to one and onto. 














Theorem 2.3 Let 6: X — X be an obic homomorphism; where X has the weak property. 
Then @ is one to one if and only if ker(d) = {0}. 


Proof Suppose ¢ is one to one. Let x € ker(¢). Then ¢(x) = 0 = G(0). So, ker(d) = {0}. 
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Conversely, suppose ker(¢) = {0}. Let 2,y € X such that ¢(2) = ¢(y). Then ¢(a * y) = 
(ax) * d(y) =0. Also, o(y * x) =0. So, (a * y), (y * x) € ker(@). Hence ¢ is one to one. 














Definition 2.4 An obic homomorphism f : X — X is called idempotent if f(f(x)) = f(a) for 
allze X. 


Theorem 2.4 Let X be an obic algebra with weak property. Let ¢ be an idempotent endomor- 
phism on X. Then ¢ is one to one if and only if d is the identity map. 


Proof Suppose ¢ is one to one. Let « € X. Then o((x * d(x))) = d(x) * d(d(a)) = 
(x) * d(a) = 0 = G(0).So, x x d(x) = 0. Similarly argument gives ¢(x) «x = 0. And so 
d(x) =x. Hence ¢ is the identity map. 











The converse is obvious. 





§3. Implicative Obic Algebras 


Definition 3.1 An obic algebra X is called implicative if x * (y* x) =a for alla,y EX. 


The following conclusion can be obtained by the definition. 


Lemma 3.1 Let X be an implicative obic algebra. Then the following hold: 


0*0=0; 

cry =(xxy)* (Ory); 

ory = (w*(y*a)) *y; 

Definition 3.2 Let X be an obic algebra. Let x be a fixed element of X. The map Lz: X — X 


such that L,(a) = x«*a for alla € X is called a left translation on X. Similarly, the map 
R,:X — X such that R,(a) =ax* «x for alla € X is called a right translation on X. 


Theorem 3.1 Let Ly : X — X be an endomorphism. Then x = 0. Moreover, if X is 


implicative, then « =a * (a *y). 








Proof Consider x = x *0 = L,(0) = Ly (0*0) = Lz(0) * Ly (0) = (a * 0) x (a *0) = 0. Now 
suppose X is implicative. Let ye X. Then # = 2*0=L,(0) = L,(0* y) = Lz(0) * La(y) = 




















Denote the collection of left translations on an obic algebra X by L(X) and define a binary 
operation © on L(X) by (La © Lp) (x) = La (ax) * Lp(a) for all x € X. 


Theorem 3.2 Let X be an implicative obic algebra. Then (L(X);©, Lo) is an obic algebra. 


Proof Let La, Ly, L- € L(X). For every x € X, consider (Lq © Lo) (x) = La(x) * Lo(ax) = 
(a*x x) * (Ox x) = (ax x) = La(x). So, La © Lo = La. 
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Also consider 


(La © (Lp © Le) © La)(£) (a * x) * ((b* x) * ((c* x) * (a* @))) 


(La © (Lp © (Le © La))) (2). 


l 


I 


So, 
(La © (Lp © Le) © Lg) = (La © (Lp © (Le © Lg))). 


And clearly, 














(La © La)(x) = La(x) * La(x) = (a * v2) * (a*¥ x) = 0 = Lo(z). 


Corollary 3.1 Let X be a prime obic algebra. Then (L(X);©, Lo) ts an obic algebra. 
Corollary 3.2 (L(X);©, Lo) is prime if and only if X is prime. 
We therefore know that 


Proposition 3.1 Let X be an obic algebra. Then the translation Lo : X — X commutes with 


any endomorphism on X. 


Definition 3.3 An obic algebra X is said to have the distributive property if 0 * (a *y) = 
(Ox x) x (Oxy) for alla,yEeX. 


Proposition 3.2 Let X be an obic algebra with distributive property. Then the translation 
[Io :X — X is the only homomorphism in the collection L(X). 


Proof Clearly, Lo is a homomorphism. Let « € X such that « 4 0. Let Suppose Lz is a 
homomorphism on X. Consider x = (x * 0) = Lz(0) = Lz(0 * 0) = Lz(0) * Le (0) = 0; which is 


a contradiction. 














§4. Krib Maps in Obic Algebras 


Definition 4.1 Let X be an obic algebra. A self mapa: X — X is called a right krib map if 
a(x*xy)=axxal(y) for allz,yEeX. 

If a(x *y) = a(x) xy for all x,y € X, then a is called a left krib map. a is called a krib 
map if it is both a right and a left krib map. 


Example 4.1 Consider the obic algebra X in Example 1.3. Define a : X — X by a(1) = 
0,a(0) = 1. Then a is a right krib map of X. 


Denote by D(X) the collection of right krib maps on an obic algebra X. We know the next 
result by definition. 


Proposition 4.1 Let X be an obic algebra. Then D(X) is a monoid. 
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Definition 4.2 Let X be an obic algebra. A mapa: X — X is called regular if a(0) = 0. If 
a(0) £0, then a is called irregular. 


The following results can be verified immediately. 


Lemma 4.1 Let a be an irregular right krib map of an obic algebra X. Then the following 
hold for alla e X: 


(1) «x a(x) £0; 
(2) a(x) = x * a(0). 


Proposition 4.2 Every right krib map of a prime obic algebra is regular. 
Corollary 4.1 Let a be a krib map on a prime obic algebra X. Then a is regular. 


Proposition 4.3 A right krib map a of an obic algebra X is regular if and only if «* a(x) = 0 
for allae X. 


Proof Suppose @ is regular. Then 0 = a(0) = xa(x). Conversely, suppose x x a(x) = 0. 
Then a(0) = x * a(x) = 0. 














Proposition 4.4 A left krib map a of an obic algebra X is regular if and only if a(x) * x =0 
for adllxe xX. 


Theorem 4.1 Let a be a krib map of an obic algebra X. Then the following are equivalent: 
(1) « * a(x) = 0; 
(2) a is regular; 
(3) a(x) xa =0. 











Proof The proof is straightforward by definition. 





§5. Monics of Obic Algebras 
Let X be an obic algebra. Define ’A’ by a A y = y* (y* x) for all z,y € X. 


Definition 5.1 Let X be an obic algebra. A function 0: X — X is called a left (resp. 
right)monic if O(a * y) = (O(a) xy) A (a * O(y)) (resp. O(a * y) = (x * A(y)) A (A(x) * y)) for all 
xryEex. 


If 6: X — X is both a left and a right monic, then @ is called a monic. 


Example 5.1 Let X be the obic algebra given by Table 2. 


[fof] 





Table 2 
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The map 6: X — X such that 6(1) = 0,0(0) = 1 is a left monic. 


Definition 5.2 Let X be an obic algebra. A mapa: X > X is called regular if a(0) = 0. 


Definition 5.3 Let X be an obic algebra. A self map 0 on X is called self preserving if 
O(a)*xa=a2 forallxae X. 


Definition 5.4 Let X be an obic algebra. A self map @ on X is called anti-self preserving if 
xx*xO(2) =a forallxae X. 


Definition 5.5 Let X be an obic algebra. A self map 0 on X is called preserving if it is both 


self-preserving and ant-self-preserving. 


Proposition 5.1 Let 0 be a regular left monic on an obic algebra X. Then, 


(x * O(a) * [(w * O(x)) * (O(a) * x)] = (y * O(y)) * [Cy * O(y)) * (Oy) * y)] 
for alla,y EX. 


Proof Now, 0 = 6(0) = O(a * x) = (x * O(x)) * [(a * O(a)) * (O(a) * x)]. Similar argument 
gives also (y * A(y)) * [(y * O(y)) * (@(y) * y)| = 0. Hence, the conclusion follows. 














Proposition 5.2 Let X be a regular left monic on an associative obic algebra X. Then 
0 « (O(a) x a] = 0x [O(y) * y] for alla,ye X. 


Proof By proposition 5.1, 


0 = [a « O(x)] * [(a * O(x)) * (A(x) * x)| 
= 0x ([6(x) *« a]. 














Similarly, we have 0 « [@(y) * y] = 0. The conclusion follows. 


Proposition 5.3 Let 6 be a self preserving left monic on an obic algebra X. Then 
[x * O(a)] * [(x * O(x)) * x)| = (0) for alla EX. 


Proof Now, 
0(0) = O(a* x) 


= [6(x) * a] A [x « O(x)] 














Corollary 5.1 Let @ be a regular self preserving left monic on an obic algebra X. 
Then [x * 0(x))] * [(a * O(x)) * a] = 0 for alla EX. 


The following propositions can be immediately verified. 
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Proposition 5.4 Let 0 be a regular self preserving left monic on an obic algebra X. Then 
[2 * A(x))| * [(w * O(a) * x] = [y * A(y))] * [(y * O(y)) * y] for all x,y EX. 


Proposition 5.5 Let @ be a self preserving left monic on an associative obic algebra X. Then 
Ox a2 =0(0) for alla Ee X. 


Proposition 5.6 Let 6 be a regular self preserving left monic on an associative obic algebra 
X. Then 0 * [O0(x) * a] = 0* [A(y) * y] for alla,y EX. 


Proposition 5.7 Let 6 be a regular self preserving left monic on an associative obic algebra 
X. ThenO0*«x=0 for allae X. 


Theorem 5.1 Let X be an associative obic algebra with a self preserving left monic 0. Then 


X is prime if and only if @ is regular. 
Proof Suppose X is prime. Then, 


O=O*xxr = [(xx O(x)) * (x * O(x))] xx 
= «A{|x*O(x)] 
= O(a*x) =0(0). 


Conversely, suppose @ is regular. Then, 


0=0(0) = O(a*x) = [(O(x) x x)] A [x * O(2)] 
= «rAlxxO(x)] =Oxe. 














The two conclusions following can be easily verified by definition. 


Proposition 5.8 Let 0 be an anti-self preserving left monic on an obic algebra X. Then 
x * [a * O(x)| = 0(0) for alla EX. 


Proposition 5.9 Let @ be a regular anti-self preserving left monic on an obic algebra X. Then 
y * [y * O(y)| = x * [x * O(x)] for all x,y € X. 


Theorem 5.2 Let 6 be an anti-self preserving left monic on an associative obic algebra X. 
Then 0 « (O(a) * x] = 0(0). Moreover, if 0 is regular, then 0 [0(a) xz] =0 for allae X. 


Proof Notice that 


6(0) =O(a*«x) = [O(x) * a] A [a * O(z)| 














The second part of the theorem is obvious. 
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Proposition 5.10 Let X be an obic algebra with a left monic 0. Then 0(x) = x x [x * O(x)] for 
allxe X. 


This completes the proof. 


Proof Notice that 


= 
as 
I 


O(a * 0) = O(a) 
[A(x) « O] A [a * O(0)] 


I 














Corollary 5.2 Let @ be an anti-self preserving regular left monic on an obic algebra X. Then 
O(x) = 0 for alla Ee X. 


Corollary 5.3 Let 0 be a regular left monic on an associative obic algebra X. Then O(a) = 
O* O(a) for alla eX. 
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Abstract: In this paper, we have studied the notion of prime bi-ideals and semi prime 
bi-ideals of Po-['-groupoids and explored the various properties of prime bi-ideals in Po-I- 


groupoids. Also we obtained the condition for Po-I-groupoids to be regular. 


Key Words: Partially ordered ['-groupoid (po-I-groupoid), left (right, two-sided) ideal, 


quasi-ideal, bi-ideal, prime (semi prime) bi-ideal, regular partially ordered -I’-groupoid. 
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§1. Introduction 


In 1983, A.P.J. van der Walt [5] introduced the interesting concepts of prime and semi prime 
bi-ideals for an associative ring with unity. In 1995, using the concepts defined by A. P. J. 
van der Walt, the structure of a ring containing prime and semi prime bi-ideals were studied 
by H. J. le Roux [2]. In 2001, Kehayopulu and Tsingelis [1] studied prime ideals of groupoids. 
Following [1], in 2005, S.K. Lee developed prime left (right) ideals of groupoids [3] and obtained 
some results on prime bi-ideals of groupoids [4]. In this paper we have studied the notion of 
prime bi-ideals and semi prime bi-ideals of Po-I-groupoids. Let M be a non empty set. M is 
called [-groupoid if for alla,be€ M andy €T, aybe M. 
A set (G,T, <) is called a partial order-I’-groupoid(or simply Po-I’-groupoid) if 


(i) (G,<) is a partial ordered set; 

(it) (G,T) is a [-groupoid such that a < b > aya < byx and aya < 1b for all a,b, x € 
Gyn 6 P: 

Throughout this paper G denotes a Po-I’-groupiod. 

A non empty subset A of G is called right(resp.left) ideal of G if 


(i) ATG CA ( resp.GTA C A); 

(it)a€A,b<a for b€G implies b € A. 

A non empty subset A is called an ideal of G if it is a right and left ideal of G. 

For non-empty subsets A and B of a po-I-groupoid G, the product AI'B of A and B 
and the subset (A] of G are defined by ATB = {ayb € S: ae A,b € B,y € Th; (Al= 
{x€G:dae A(x < a)}. 
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A non empty subset Q of G is called a quasi ideal if 


(i) (QPG]N (GTQ) € Q; 
(it) a< q3q € Q implies a € Q. 


A non empty subset B of G is called a bi-ideal if 


(i) (BIGTB] C B; 
(ii) a<b;b € B implies a € B. 


Every quasi ideal is a bi-ideal. But the converse need not be true. A bi-ideal B of G is prime, 
for z,y € G,(aTGTy] C B implies « € B or y € B. A bi-ideal B of G is semi-prime, for 
x € G,(aTGTz] C B implies « € B. A non-empty subset I of G is prime if J is an ideal 
of G such that for any ideals A,B of G , AB C I implies A C I or B C I. It is clear that 
(x), = (a U GT a] (resp.(x),. = (a Ua2TG)) is the principle left(resp.right) ideal generated by zx. 


§2. Main Results 


Theorem 2.1 A bi-ideal B of G is prime if and only if for a right ideal R and a left ideal L 
of G (RTL] C B implies RC B or LC B. 


Proof Suppose that (RI'L| C B for a right ideal R and a left ideal L of G and R ¢ B. 
Then there exists x € R\B such that (aTGIy] C (RIGTL] C (RTL] C B for any y € L which 
implies ye B. SoL CB. 

Conversely, let (aTGTy] C B for x,y € G. Then («PGE (GT y] C (aPGTGTy] C («PGT y] C 
B. By hypothesis, we have (cI'G] C B or GIy] C B. If (aTG] C B, then Tz € (a GIG C B. 
Now, (x),(a),; = (wUaPG|T(eUGT a] = (aT eUsPGTaUalGTrUzTGTGTs] C (aTeUalG] C B 
which implies (x), C B or (x); C B. Therefore x € B. If (GIy] C B, then by the similar 
method y € B. 














Theorem 2.2 If a bi-ideal B of G is prime, then B is a left or right ideal of G. 


Proof Let B be a prime bi-ideal of G.Then (BT'G] C B or (GT'B] C B as (BIGIT(GTB] C 
(BY'GTB] C B and by Theorem 2.1. So B is a a left ideal or right ideal of G. 














Theorem 2.3 Let G be a po-l-groupoid. Then the following statements are hold: 


i) Any left/right/both sided ideal of G is a bi-ideal of G; 
it) Intersection of right and left ideals of G is a bi-ideal of G; 


iti) Arbitrary intersection of bi-ideals of G is also a bi-ideal of G; 
iv) If B is a bi-ideal of G, then BYr andrITB are bi-ideals of G, for anyr €G. 


—~ ~~ a 











Proof This result can be immediately verified by definition. 





Notation 1 For a bi-ideal of B of G, we define Lg = {x € B : Gla C B}, Rp = {x € 
B:aVGCB},I,={yeLlp : WGCLe}andlp={ye Rp : Gly C Rp}. 
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Theorem 2.4 Let B be bi-ideal of G . Then Lg is a left ideal of G contained in B if Lg is 


non empty. 


Proof Let « € Lg. Letge Gandy eT. Then gyx € Gla C B. Now Gl gyx 
GTGT« C GIa2 C B which implies gyx € Dg. GI Lg C Lg. hence Lg is a left ideal. 


IN 














Theorem 2.5 Let B be bi-ideal of G. Then I, is the largest ideal of G contained in B if Ir is 
non empty. Furthermore, I, coincides with Ip. 


Proof Let « € Iy.Then «VG C Lg. For any g € G and y €T, we have ryg € aTG C Lp 
and zyg('G C alGTG CalG C Dz, So I is a right ideal of G. 

Since I, C Lp C B, we have x € Lg which implies xyg € I, and GI's C B. 

Now, Glgyx C GTGTa C GTa C B. So gyx € Lg. By Theorem 2.4 and x € I,, we have 
alG C Lg. Then gyalG C GI'Lg C Lz, and we have gyx € Iz. Therefore Iz is a left ideal. 

Let A be an ideal of G such that A C B. Ifx € A, thenz € BandGl CxCACB 
which implies x € Lg and AC Lz. 

Let x € A. Then 2G C A C Lg. Hence x € Iz and A C Iz which implies I; is the 
largest ideal of G contained in B. Similarly Ip is the largest ideal of G contained in B. 














Notation 2 We denote Ig as Ip :=Ip = Iz, by Theorem 2.5. 


Theorem 2.6 If B is a prime bi-ideal of G, then Ip is a prime ideal of G contained in B. 


Proof Let B be a prime bi-ideal of G. Then by Theorem 2.5, Ig is an ideal of G. 
Suppose XTY C Ip for any ideals X,Y of G. Since Ip C Lp C B, we have XTY C B. 
By Theorem 2.1, X C B or Y C B. But Ig is the largest ideal contained in B, so X C Ig or 
Y C Ip which implies Ig is a prime ideal of G. 














Corollary 2.7 If B be a semi-prime bi-ideal of G, then Ip is a semi-prime ideal of G if Ip is 


non empty. 


Theorem 2.8 If a bi-ideals B of G is semi-prime, then 


(i) for any left ideal L of G, LVL C B implies L C B; 
(it) for any right ideal R of G, RT R C B implies RC B. 


Proof Suppose LVL C B for a left ideal L of G and L ¢ B. Then there exists « € L\B, 
aVGla C LVGTL C LVL C B. Since B is a semi-prime we have x € B, a contradiction. 
The second assertion can be proved similarly. 














Theorem 2.9 If a bi-ideal B of G is semi-prime, then B is a quasi-ideal of G. 


Proof Let y € (BT'G]N (GTB). Then (yfGTy] C ((BI'G|TGT(GTB]] C (BIGTB] C B. 
Since B is a semi prime, we have y € B. Hence B is a quasi-ideal of G. 














Remark 2.10 For a Po-I-groupoid G, 


(a) The set of all prime ideal of G is denoted by spec(G); 
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(b) Bspec(G) denotes the set of prime bi-ideals of G; 
(c) Sspec(G) denotes the set of all semi prime bi-ideals of G. 


Then we know conclusions following easily by definition. 
Theorem 2.11 If G is finite, then (| spec(G) =) Bspec(G). 


Theorem 2.12 A bi-ideal B of G is semi prime if and only if for a right ideal ( left ideal) A 
of G (ATA] C B implies AC B. 


Theorem 2.13 The intersection of any family of prime bi-ideals of G is a semi prime bi-ideal 


of G. 
Theorem 2.14 If G is finite, then (| spec(G) = ()Sspec(G). 


We note that G is regular if for any x € G, there exist a € G and 71,72 € T° such that 
DS Uy ay20. 

The following results shows the necessary and sufficient condition for a Po-I’-groupiod to 
be regular. 
Theorem 2.15 Let G be Po-gamma-groupiod. Then G is regular if and only if every bi-ideal 


of G is semi-prime. 


Proof Let G be regular and B a bi-ideal of G. Suppose that «(GT's C B for x € G. Then 
there exist a € G and 71,72 € I such that x < eyayox € «Vala € «PGs C B which implies 
x € B. Hence B is semi prime. 

Conversely , assume that every bi-ideal of G is semi-prime. Let B = (aTGTa] for a € G. 
Then BI'GTB = (alGTa]PGT(alGTa] C (alGTa] = B, which implies B is a bi-ideal of G and 


by assumption (al'GTa] is semi-prime. Since a[GTa C (alGTa] = B, we get a € (aP'GTa] = B. 
Then there exist x € G and 7, 72 € [ such that a < ay x72. 
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Abstract: Let G be a (p,q) graph. Let f : V(G) — {1,2,--- ,k} be a map where k € N 
and k > 1. For each edge uv, assign the label gcd(f(u), f(v)). f is called k-total prime 
cordial labeling of G if |t¢(¢) — t¢(y)| < 1, i,9 € {1,2,--- ,k} where t¢(x) denotes the total 
number of vertices and the edges labelled with x. A graph with a k-total prime cordial 
labeling is called k-total prime cordial graph. In this paper we investigate the 4-total prime 


cordial labeling for some subdivided graphs. 


Key Words: Corona, ladder, triangular snake, k-total prime cordial labeling, Smarandache 


k-total prime cordial labeling. 
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§1. Introduction 


In this paper we consider simple, finite and undirected graphs only. The notion of k- total 
prime cordial labelling has been introduced in [4]. In [4-9], they investigate the k-total prime 
cordial labeling of some graphs and investigate the 4-total prime cordial labeling behaviour of 
path, cycle, star, bistar, ladder, triangular snake, friendship graph, comb, double comb, double 
triangular snake, flower graph, gear graph, Jelly fish, book, irregular triangular snake, prism, 
helm, dumbbell graph, sunflower graph, dragon, mobius ladder and subdivision of some graphs. 
In this paper we examine the 4-total prime cordial labeling of subdivision of some graphs like 
star, bistar, comb, double comb, ladder, triangular snake and double triangular snake. Terms 
are not defined here follows from [1], [3]. 


§2. Preliminary Results 


Definition 2.1 Let Gi, Gz respectively be (pi,qi), (p2,q2) graphs. The corona of G, with Go, 
G1 © Gy is the graph obtained by taking one copy of Gy and p; copies of Gz and joining the it” 


vertex of Gy with an edge to every vertex in the i” copy of Go. 


1Received April 14, 2019, Accepted December 5, 2019. 
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Definition 2.2 Ife = uv is an edge of G then e is said to be subdivided when it is replaced by 
the edges uw and wv. The graph obtained by subdividing each edge of a graph G is called the 
subdivision graph of G and is denoted by S(G). 


§3. k-Total Prime Cordial Labeling 


Definition 3.1 Let G be a (p,q) graph. Let f : V(G) — {1,2,---,k} be a function where 
k € Nandk > 1. For each edge uv, assign the label gcd(f(u), f(v)). f is called k-total 
prime cordial labeling of G if |\tr(i) —t¢(9)| < 1, 2,9 © {1,2,---,&} where tp(x) denotes the 
total number of vertices and the edges labelled with x. A graph with a k-total prime cordial 
labeling is called k-total prime cordial graph. Generally, if there are integers i,j © {1,2,--- ,k} 
such that |t s(t) —t¢(g)| > 1, f ts called a Smarandache k-total prime cordial labeling and G a 
Smarandache k-total prime cordial labeling graph. 


Theorem 3.2 The subdivision of comb S(P, © K1) is 4-total prime cordial. 


Proof Let P, be the path uyug---un. Let x; be the vertex which subdivide the edge 
ujui41- Let v; be the vertex adjacent to u;. Let w; be the pendent vertices v;. Clearly 
[V(S(Pr © K1))| + |E(S(Pn © A1))| = 8n — 3. 


Case 1. n=0 (mod 4). 


Let n = 4t, t © N. Assign the label 4 to the vertices u1, u2,--- , uz and assign the label 3 to 
the vertices Uz41, UWi+2,°°* , Uae. Next we assign the label 2 to the vertices w2¢41, Uae+2,°°° , U3t 
and assign 1 to the vertices u3r41, U3t+2,'°* ;Un- Now we consider the vertices 7; (1 <i < 
n—1). Assign the label 4 to the vertices 21, 22,--- , a, and assign the label 3 to the vertices 
Lt41, Ut42,---,L24. Next we assign the label 2 to the vertices %2141, Vot+2,°°: , X34. Finally we 
assign 1 to the vertices ©3441, U3t+2,°°* ;&n—1- Now we move to the vertices uj, wi (1 <i <n). 
Assign the label 4 to the vertices v1, v2,...,v, and w 1, We2,--:,w;z. Then assign the label 3 


to the vertices vz41, Vi+2,°°* , Uae and we41, Wt+2,°°* , Wat. Now we assign the label 2 to the 





vertices Voe41, V2t+25°°° ,U3e and wat41, Wat41,°°* , Wt. Finally we assign the label 1 to the 


vertices UBt4 15 USt-425° °° 4 Un and W3t+1, W3t4+2,°°* »Wn- 
Case 2. n=1 (mod 4). 


Let n = 4t+1,t€N. As in case 1, assign the label to the vertices uj (1 <i<n-— 2), a; 
(l<i<n-—2), vj, ws (1 <i<n-—1). Now we assign the labels 3, 4, 2, 3, 4 respectively to 


the vertices Un—1, Un, Ln—1, Un and Wp. 
Case 3. n=2 (mod 4). 


Let n = 4t + 2,t © N. Assign the label to the vertices u;, u;, wi (1 < i < n— 2) and a; 
(1 <%t<n-—3) by case 1. Next we assign the labels 4, 3, 4, 3, 2, 2, 4, 3 to the vertices un_1, 


Un; Ln—2; Ln—1; Vn—1; Un, Wn—1 and Wy respectively. 


Case 4. n=3 (mod 4). 
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Let n = 4t+3,t EN. As in Case 3, assign the label to the vertices u;, v;, wi (1 < i < n—2) 
and x; (1 <i<mn-—3). Next we assign the labels 2, 3, 4, 3, 3, 3, 2,1 respectively to the vertices 











Un—-1; Un; Un—2; Un—1; Un—-1; Un, Wn-1 and Wn- 





Theorem 3.3. The subdivision of double comb S(P, © 2K 1) is 4-total prime cordial. 


Proof Let P, be the path ujuzg---un. Let z; be the vertex which subdivide the edge 
ujui+i1- Let v;, wy be the vertices adjacent to u;. Let x;, y; be the pendent vertices adjacent to 
uj,v4 respectively. Obviously |V(S(P, © 2K1))| + |E(S(Pn © 2K1))| = 12n — 3. 


Case 1. n=0 (mod 4). 


Let n = 4t, t © N. Assign the label 4 to the vertices wu, u2,--- , uz and assign the label 3 to 
the vertices wr41, Ut+2,°°° ,U2¢. Now we assign the label 2 to the vertices w2441, Uat+2,°°* , U3e- 
Next we assign 1 to the vertices u3¢41, U3t42,°°* ,Un—1- Finally we assign the label 3 to the 
vertex Un. Now we consider the vertices z; (1 <i<mn-—1). Assign the label 4 to the vertices 
21, 22,°°* ,Z4-1 and assign the label 3 to the vertices 241, Z442,°°- ,Zat-1. Next we assign 
the label 2 to the vertices zo441, Z2t+2,°°: ,23t-1. Now we assign the label 1 to the vertices 
Zt, 22ty 23ty Z3t-+15°°* »2n—-1- Assign the label to the vertices v;, wi, Zi, yx (1 <i < n—1). Finally 
we assign 2, 4, 4, 3 respectively to the vertices 2p, Un, Wn and Yn. 


Case 2. n=1 (mod 4). 


Let n = 4t+1,t EN. As in case 1, assign the label to the vertices u;, U3, Vi, Wi, Yi 
(1<i<n-—1) and z; (1 <i<n-—2). Now we assign the labels 2, 4, 4, 2, 3, 3 respectively to 


the vertices Zn-1, Ln, Un, Un, Wn and Yn. 
Case 3. n=2 (mod 4). 
Let n = 4t+2,t¢N. Assign the label to the vertices u;, vi, 21, Wi, yi (1 <i < n—1) and 


2; (1 <i <n-— 2) by case 2. Next we assign the label 1 to z,_1 and assign the labels 4, 4, 2, 
3, 3 to the vertices tn, Un, Un, Wn and Yy, respectively. 


Case 4. n=3 (mod 4). 


Let n = 4t+ 3,t €N. As in Case 3, assign the label to the vertices u;, vi, 2, Wi, Yi 
(1<i<n-—1) and z (1<i<mn-—2). Next we assign the labels 2, 4, 4, 2, 3, 3 respectively to 


the vertices Zn-1, Ln, Un, Un, Wn and Yn. 














Theorem 3.4 The subdivision of star S(Ky,,) is 4-total prime cordial. 


Proof Let u be the vertex of degree n and uj, u2,--: ,Un be the vertices of degree 2. Let 


U1, V2,°** ,Un be the pendent vertices. 
Case 1. n=O (mod 4). 


Let n = 4t, t © N. Assign the label 4 to the vertex u. Next we now move to the vertices 
U1,U2,°** ,Un- Assign the label 4 to the vertices u1, u2,--- ,u~ and assign the label 2 to the 
vertices Ut+1, Ut+2,°°* ,U2t. Next we assign the label 3 to the vertices u2441, Uae+2,--° , U3e- 
Finally assign the label 1 to the non-labelled vertices of u,. Now we consider the pendent 
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vertices V1, U2,°++ , Un. Assign the label 4 to the vertices v1, v2,--- , vz; and assign the label 2 to 
the vertices Uz41, Ui+2,---, Vat. Finally assign 3 to the non-labelled vertices of vy. 


Case 2. n=1 (mod 4). 


Let n = 4t+1,t€N. In this case, assign the label to the vertices u, u; (1 < i <n) and 
vu; (1 <i < n— 2) by in case 1. Next assign the labels 2 and 4 to the vertices v,z_1 and vp, 
respectively. 


Case 3. n=2 (mod 4). 


Let n = 4t+2,t EN. As in Case 1, assign the label to the vertices u, u; (1 <i < n-—1) 
and vu; (1 <i<n-— 2). Next assign the labels 2, 1 and 4 to the vertices respectively un, Un—1 
and Un. 


Case 4. n=3 (mod 4). 


Let n = 4¢+ 3, ¢¢N. Assign the label to the vertices u, u; (1 < i < n— 2) and v; 
(1 <i <n-—2) as in case 1. Finally assign the labels 3, 2, 4 and 4 to the vertices un—1, Un, 














Un—1 and vp, respectively. 


Theorem 3.5 The subdivision of bistar S(By») is 4-total prime cordial. 


Proof Let u, v be the vertices of degree n and w be the vertex of degree 2 adjacent to both 
u and v. Let u; be the vertex of degree 2 adjacent to u and vu; be the vertex of degree 2 adjacent 
to v. Let x; and y; (1 <i <n) be the pendent vertex adjacent to u; and v; respectively. 


Case 1. n=0 (mod 4). 


Let n = 4t, t € N. Assign the labels 4, 2 and 3 to the vertex u, w and v respectively. Next 
we move to the vertices u1,U2,-*: ,Un. Assign the label 4 to the vertices u,,u2,--- ,Ug¢ and 
assign the label 2 to the vertices uaz+1, Wat42,°°: , W4t- Now we consider the pendant vertices 
of un. Assign the label 4 to the vertices 71, 2%2,--+ ,%2_ and assign the label 2 to the vertices 
2441, ©2t42,°°* ,24¢- Now we consider the vertices v1,v2,--+,Un. Assign the label 3 to the 
vertices U1,V2,°°* ,Vo_ and assign the label 1 to the vertices v2141, vor+e2,°:: , Vat. Finally we 
move to the pendant vertices of v,. Assign the label 3 to the vertices yi, yo,--- , yz and assign 
the label 1 to the vertices yor+1, yor+2,°°° 5 YAt- 


Case 2. n=1 (mod 4). 


Let n = 4t+1,t¢ € N. In this case assign the label to the vertices u, v, w, uj (1 <i<n-1), 
uv, (1<i<n-1),a; (1<i<n-—1) and y; (1 <i<n-—1) asin case 1. Next assign the labels 
4, 2, 3 and 1 respectively to the vertices un, Ln, Un and Yn. 


Case 3. n= 2,3 (mod 4). 











Let n = 4t+ 1 andn=4t+2t¢EN. The proof is similar to that of Case 2. 





Theorem 3.6 The subdivision of triangular snake S(T,,) is 4-total prime cordial. 


Proof Let P,, be the path ujyu2--+un. Let w; be the vertex adjacent to u; and uj. Let 
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v; be the vertices which subdivide the edge u;u;+1 and x;,y; be the vertex which subdivided 
uw; and u,+1W; respectively. It is easy to verify that |V(S(T,,))| + |E(S(LTn))| = 11n — 10. 


Case 1. n=0 (mod 4). 


Let n = 4t, t © N. Assign the label 4 to the vertices u1, u2,--- , uz and assign the label 2 to 
the vertices Uz41, Wt+2,°°* , Uae. Next we assign the label 3 to the vertices w2441, Uar+2,°-° , U3t 
then we assign the label 1 to the vertices u3z41, U3t42,°°* ,Un—1. Finally, we assign 3 to the 
vertex u,. Assign the label 4 to the vertices v1, v2,--- , vz and assign the label 2 to the vertices 
Ut+1; Ut+2;°°* ,V2t-1 and assign the label 3 to the vertices voz, var41,--+ ,U3e—-1 then we assign 
the label 1 to the vertices v3z, v3t41,°-+* , Un—1- Assign the label to the vertices x; (1 <i < n—1) 
as in vu; (1 <i <n-—1). Now relabel the vertex x2; by 2. Assign the label 4 to the vertices 
Y1,Y2,°°* » Ye-1 and assign the label 2 to the vertices yz, yz41,--* , Y2t—1 and assign the label 3 to 
the vertices yor, yat+1,°°* ,Y3t—1 then we assign the label 1 to the vertices y3¢, y3t41,°-++ ; Yn—2- 
Finally we assign the label 2 to the vertices y,_1. Now we consider the vertices w; (1 <i < 
n—1). Assign the label 4 to the vertices wi, w2,--- ,w; and assign the label 2 to the vertices 
We+1; Wt+2;°°* » Wae—1 and assign the label 3 to the vertices woz, w2i41,°--: , W3z—1 then we assign 


the label 1 to the vertices w3z, w3z41,°+* ,Wn—2- Finally we assign 4 to the vertex wy_1. 
Case 2. n=1 (mod 4). 
Let n = 4t+1,t¢N. As in Case 1, assign the label to the vertices u; (lL <i<n-—1), w, 


Li, Yi, Wi (1 <i < n—2). Next we assign the labels 3, 3, 2, 4, 4 to the vertices Upz_1, Un, Un-1, 
Yn—1 and wn_, respectively. 


Case 3. n= 2 (mod 4). 
Let n = 4t+2,t¢N. Assign the label to the vertices uj (1 < i < n— 3), v;, vi, Wi 
(1 <i<n-—3) and y; (1 <i <n-—4) asin Case 2. Now we assign the labels 4, 3, 3 respectively 


to the vertices Un—2, Un—1 and un. Next we assign the labels to the vertices 4, 3, 2, 2, 2, 1 to 
the vertices Un—2, Un—1,; Un—2, Ln—1, Wn—2, and wWy_1 respectively. Finally we assign the labels 





4, 2, 3 respectively to the vertices yn—3, Yn—2 and Yr_1. 
Case 4. n=3 (mod 4). 


Let n = 4t+3,t € N. Assign the label to the vertices u;, v;, yi, wi (1 < i < n — 3) and 
vu; (1 <i <n-—4) as in Case 3. Now we assign the labels 4, 3, 3, 3, 1, 1, 3, 4, 3 respectively 





to the vertices Un—2, Un—1, Un; Ln—2; Ln—1; Yn—2; Yn—1, Wn—2 and wy_z. Finally we assign the 











labels 2, 4, 3 to the vertices un—3, Un—2 and vpn_, respectively. 





Theorem 3.7 The subdivision of ladder S(L,) is 4-total prime cordial. 


Proof Let V(Ln) = {ui,u,:1<i< n} and E(L,) = {ujuiga, vivign s 1 <i<n-1}U 
{uju; :1<i<n}. Let y, w; and x; be the vertices which subdivide the edges ujuj41, uiv; and 
vjvig1 Tespectively. Clearly |V(S(L,))| + |E(S(Ln))| = 11n —- 6. 


Case 1. n=0 (mod 4). 


Let n = 4t, t € N. Assign the label 4 to the vertices u1,u2,--- ,u¢ and v1, V2,°-° , UE. 
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Assign the label 2 to the vertices we41, Ue+2,°°* , Uae ANd Ve41, Vi42,°°* , Var. Next we assign 
the label 3 to the vertices u241, UW2t+2,---, Use aNd Vor41, Vory2,°°* ,U3¢ then we assign the 
label 1 to the vertices ugii1, U3t+2,°°° ,Un—1 and vUst41,U3¢42,°°°,Un—1- Finally, we assign 
the labels 4 and 3 to the vertices u, and v, respectively. Next we consider the vertices x; 
(1 <i<n). Assign the label 4 to the vertices 21, 22,--- ,x; and assign the label 2 to the 
vertices ©441,442,'°* ,L2¢. Now we assign the label 3 to the vertices r2¢41, ©o442,--° , £3¢- 
Finally we assign the label 1 to the vertices 73441, %3t42,:+: ,%. Now we consider the vertices 
Yi, Wi (1 <i < n—1). Assign the label 4 to the vertices yi, y2,--+ , yz and wi, We,--- , Ww. Assign 
the label 2 to the vertices yz+1, Yt+2,°°* , Yot—-1 and we41, We+2,°°: ,War-1. Next we assign the 
label 3 to the vertices yz, Yot+i1,°°* , Y3t—1 and Wa, Wot+1,°°° , W3t-1 then we assign the label 
1 to the vertices y3t, y3e41, °°°, Yn—2 and w3t, W3t41;°°°, Wn—2, Wn-1- Finally, we assign the 
labels 2 vertex yn—1. 


Case 2. n=1 (mod 4). 


Let n = 4t+1,t¢N. As in Case 1, assign the label to the vertices u; (I< i<n-—1), v; 
(l<i<n-1l),a,A<i<n),y (1 <i<n-2) and w; (1 <i<n-2). Finally we assign 
the labels 2, 2, 4, 3 respectively to the vertices Un, Un, Yn—1 and Wp_1. 


Case 3. n=2 (mod 4). 


Let n = 4+ 2,t €N. As in Case 2, assign the label to the vertices u; (I< i<n-—1), v; 
(l<i<n-1),a; (1<i<n-1),yA<i<n-2) and w; (1 <i<n-—2). Finally we assign 
the labels 4, 3, 2, 4, 3 to the vertices un, Un, Ln, Yn—1 and Wyn_1 respectively. 


Case 4. n=3 (mod 4). 


Let n = 4+ 3,t © N. As in Case 3, assign the label to the vertices u; (I< i<n-—1), v; 
(l<i<n-1),a; (1<i<n-1),yA<i<n-2) and w; (1 <i<n-—2). Finally we assign 
the labels 3, 4, 2, 3, 4 respectively to the vertices un, Un, Ln, Yn—1 and Wy-1. 














Theorem 3.8 The subdivision of double triangular snake S(DT,,) is 4-total prime cordial. 


Proof Let P,, be the path uyjug--- un. Let v;, w; be the vertex adjacent to u;uj;41. Let xj, 
Yi, 2, 8; and r; be the vertex which subdivide the edges ujui41, Ujsvi, ViUig1, UW; and WjUj+41 
respectively. Clearly |V(S(DT,,))| + |E(S(DT;,))| = 18n — 17. 


Case 1. n=0 (mod 4),n>8. 


Let n = 4t, t © N. Assign the label 4 to the vertices u 1, u2,--- , uz and assign the label 2 to 
the vertices Uz41, UWt+2,°°* , Uae. Next we assign the label 3 to the vertices w2441, U2r+2,°°° , U3t 
then we assign the label 1 to the vertices w3+1, u3t+2,°°* ,Un—1- Finally, we assign the label 3 
to the vertex u,. Now we consider the vertices u;,w; (1 <i <n-—1). Assign the label 4 to the 


vertices U1, V2,°+- ,v~ and wy, w2,--- , wy. Assign the label 2 to the vertices v441, Ve42,°°+ ,V2t—1 





and wr41, Wi+2,''* ,Wet-1- Next we assign the label 3 to the vertices v2z, vot41,°++ ,U3t—1 
and waz, Wat+1,°°* ,W3t-1 then we assign the label 1 to the vertices v3z, y3t41,--- ,Un—3 and 
W3t, W3t+1;°°* »Wn—3- Finally we assign the labels 2, 4, 2, 4 respectively to the vertices up_2, 
Un—1, Wn—2 and wWp—1. Next we move to the vertices 7; (1 <i<mn-—1). Assign the label 4 to 
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the vertices 41, %2,--- , x; and assign the label 2 to the vertices 7441, Ut+2,°°+ ,Zot-1. Next we 
assign the label 3 to the vertices x2;, ©2441,-°-- , 3-1 then we assign the label 1 to the vertices 
%3t,€3t+1,'°* ,2n—2- Finally, we assign the label 3 to the vertex x,_;. Now we consider the 
vertices y;,8; (1 <i<mn-—1). Assign the label 4 to the vertices y1, yo,--: , yz and $1, 82,--* , St. 
Assign the label 2 to the vertices yi+1, yet2,°°* Yor and S241, St42,°°- , Saz- Next we assign the 
label 3 to the vertices yor+1, Yott2,°°* ,Y3t—1 ANd S2z41, S2t42,°°* , 83-1. Finally we assign the 
label 1 to the vertices ys3¢, y3¢+41,°°* > Yn—1 and $32, $3441,°°* ,Sn—1- Next we move to the vertices 
zi, 7; (1 <i<n-—1). Assign the label 4 to the vertices 21, 22,--- ,Z¢-1 and 71,72,°-+ ,T#-1.- 
Assign the label 2 to the vertices 2, z¢41,°-+ , Z2¢-1 and rz, 7t41,-°-: , 2-1. Next we assign the 


label 3 to the vertices 22¢, Zo¢41,°°° , 23-1 and raz, rot41,°°* ,T3t-1- Finally we assign the label 
;Tn—-1- Clearly ty(1) t (2) t;(3) 





1 to the vertices 232, 23441,°°° 5 2n—1 and rg¢,73t41,°°° 
18¢ — 4 and ty(4) = 18t— 5. 





Case 2. n=1 (mod 4),n>9. 


Let n = 4t+1,t¢N. As in Case 1, assign the label to the vertices u; (1 <i<n-—1), uw, 
Wi, Lis Yi, Zi, $i, 71 (1 <i < n—2). Finally we assign the labels 4, 4, 2, 3, 1, 4, 3, 2 respectively 
to the vertices Un, Un—1, Wn—1, En—1, Yn—1; 2Zn—1; Sn—1 and rn—1. Obviously t¢(1) = 18+ 1 
and t (2) t (3) t (4) 18t. 











Case 3. n=2 (mod 4), n> 10. 


Let n = 4t+ 2,t EN. Assign the label to the vertices u; (1 <i <n— 2), vj, Wi, Li, Yi, 2 
(1<i<n-—3), 8;, 75 (1 <i<mn-— 2) by in case 1. Finally we assign the labels 2, 4, 3, 4, 3, 3, 
1, 2, 3, 4, 2, 4, 1, 4 to the vertices Un—1, Un, Un—2, Un—1; Wn—2; Wn—1; Ln—2; Tn—1, Yn—2; Yn—-15 








2Zn—2, 2n—1; S8n—1 and r,_-1 respectively. It is easy to verify that t¢(1) = t(2) =t (3) = 18t+5 
and t;(4) = 18¢ + 4. 





Case 4. n=3 (mod 4), n> 11. 


Let n = 4t+ 3, t © N. As in Case 3, assign the label to the vertices u; (1 <i <n-—1), 
Ui, Wi, Li, Yi, 2%, $i, TE (1 < 2 < n— 2). Finally we assign the labels 3, 3, 2, 2, 4, 3, 4, 
1 respectively to the vertices Un, Un—1, Wn—-1, En—-1; Yn—1; Zn—1; Sn—1 and Tn. Clearly 
ty(1) t,(2) t, (4) 18t + 9 and t; (3) = 18t+ 10. 











Case 5. t= 2,3,4,5,6,7. 


A 4-total prime cordial labeling is given in Table 1. 
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Table 1 














This completes the proof. 
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Abstract: A graph G = (V, E) is called signed product cordial if it is possible to label the 
vertex by the function f : V — {—1,1} and label the edges by f* : E — {-—1,1}, where 
f* (uv) = f(u)- f(v), u,v € V so that jv_1 —v1| < 1 and Je-1—e1| < 1. In [3] J-Devaraj and 
P.Delphy, they have defined signed graphs, and they have started by labeling edges and then 
induced the labeling of vertices. In this paper, we contribute some new results on signed 
product cordial labeling and present necessary and sufficient conditions for signed product 


cordial for corona of paths and fourth power of paths. 


Key Words: Second power, fourth power, corona graph, signed product cordial graph, 


Smarandachely signed product cordial labeling. 
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§1. Introduction 


The labeling of graphs is perceived to be a primarily theoretical subject in the field of graph the- 
ory and discrete mathematics, it serves as models in a wide range of application like astronomy, 
coding theory, circuit design and communication networks addressing. The concept of graph 
labeling was introduced during the sixties’ of the last century by Rosa [12]. Many researches 
have been working with different types of labeling graphs [1,4,5]. In 1954 Harray introduced 
S-cordiality [10]. An excellent reference for this purpose is the survey written by Gallian [6]. 
All graphs considered in this theme are finite, simple and undirected. The original concept of 
cordial graphs is due to Chait[2]. He showed that each tree is cordial; an Euerlian graph is not 
cordial if its size is congruent to 2(mod 4). Let G = (V, E) be a graph and let f : V — {—1,1} 
be a labeling of its vertices, and let the induced edge labeling f* : E — {—1,1} be given by 
f*(e) = (f(u)- f(v)), where e = wv and u,v € V. 

Let v_; and v; be the numbers of vertices that are labeled by —1 and 1, respectively, and 
let e_; and e, be the corresponding numbers of edges. Such a labeling is called signed product 
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cordial if both |v_y — vi| < 1 and Je_1 — e1| < 1 hold. Otherwise, it is called Smarandachely 
signed product cordial if |v_1 — v1| > 1 or |e-1 — e1| > 1. The corona G; ©) G2 of two graphs 
G1 (with nj, vertices, m, edges) and G2 (with nz vertices, m2 edges) is defined as the graph 
obtained by taking one copy of G, and copies of G2, and then joining the i*” vertex of G; with 
an edge to every vertex in the i*” copy of Gy. It is easy to see that the corona Gy © G2 that 
has nj +n n2 vertices and m, +n m2 +n Nz edges. The fourth power of a paths P,,, denoted 
by P+, is P, UJ, where J is the set of all edges of the form edges ujv; such that 2 < d(ujv;) < 4 
and i < j where d(v,;v;) is the shortest path from v; to v;. 


§2. Terminologies and Notations 


A path with m vertices and m—1 edges, denoted by P;,, and its fourth power P+ has n vertices 
and 4n — 10 edges. We let L4, denote the labeling (—1)211 (—1)211---(—1)211 (repeated r- 
times), Let L/,. denote the labeling (—1)11(—1) (—1)11(-1)--- (—1)11(-1) (repeated r-times). 
The labeling 11(—1)2 11(—1)2---11(—1)2 (repeated r-times) and labeling 1(—1)211(—1)21 

- 1(—1)21 (repeated r-times) are written 54, and S4,.. Let M, denote the labeling (—1)1 
(—1)1---(—1)1, zero-one repeated rtimes if r is even and (—1)1 (—1)1---(—1)1(-1) if r is 
odd; for example, Mg = (—1)1(—1)1(—1)1 and Ms; = (—1)1(—1)1(—1). We let M/ denote the 
labeling 1(—1)1(—1)---1(—1). Sometimes, we modify the labeling M, or M/ by adding symbols 
at one end or the other (or both). Also, L4, (or D4, ) with extra labeling from right or left (or 





both sides). If L is a labeling for a path p,, and M is a labeling for fourth power of path P,,, 
then we use the notation [L; M] to represent the labeling of the corona P,@ P*. Additional 
notation that we use is the following: for a given labeling of the corona Pn, @© P?, we let v; 
and e; (for i = —1,1) be the numbers of vertices and edges, respectively, that are labeled by i 
of the corona Pm © P#, and let x; and a; be the corresponding quantities for pm, and we let 
yi and b; be those for P+, which are connected with vertices labeled (—1) of Py. Similarly, let 
y, and b/, for P* which are connected with vertices labeled 1 of Py. It is easy to verify that 





Vay = Tit e_-y-1 + 21y_ 4, V1 = Zit T-1yi t+ 21yy, C-1 = @-1 +4161 4+-21b +2_1y-1t- 21y4 
and e; = a, +21); +21) +2_1(a@_1y1) +a1y_,. Thus, v-y—v1 = (1-21) + @-1(y-1—-yi) + 
@1(y_y—y) and e_1—e1 = (a_1—a1) +2_1(6-1—b1) +21 (bL — bi) + 2-1 (y-1-y1) — 21 (YL 1-1): 
When it comes to the proof, we only need to show that, for each specified combination of 








labeling, |v-1 — vi] < 1 and |e_1 — e;| <1. 


§3. Main Results 


In this section, we show that the corona P,, © P? is signed product cordial for all m,n > 7 and 
also for n = 3 with m > 1. This target will be achieved after the following series of lemmas. 


Lemma 3.1 The corona Pm © P# is signed product cordial if and only if m # 1. 


Proof Suppose that n = 3. The following cases will be examined. 


104 S. Nada, A. Elrokh, A. Elrayes and A. Rabie 


Case 1. Obviously, P} © P} isomorphic to the complete graph K4. Since K4 is not cordial, 
P; © P? is not is signed product cordial. 


Case 2. Suppose that m = 2. Then we label the vertices of Pe © P# by [-11;-11—1,1- 11]; 


2 





hence v_; — v; = 0 and e_; —e, = 1. So, h© PS is signed product cordial. 


Case 3. Suppose that m = 3. Then we label the vertices of P3@ P} by [-1 — 1 —- 
1;—-111,111,—11 — 1]; hence v_; — v; = 0 and e_; —e, = 0. So, P3© P# is signed prod- 
uct cordial. 


Case 4. m= 0(mod4). 





Suppose that m = 4r,r > 1. We choose the labeling [£4,;—11—1,-11-—1, 1- 11,1 
11,:-+ ,(r — times)] for Pa, @ P#. Therefore r_) = 21 = 2r, a_y = 2r —1, a1 = 2r, y_1 = 2, 
wmw=1y4=1,y = 2, b-1 = 2, b, = 2, b} = 1 and bf = 1. Hence v_y — vy = 
(w-1 — #1) + 0-1-(y-1 — y1) +.21-(y_, — y) = 0 and e_y — ey = (a_1 — a1) + U_-1.(b-1 — b1) + 
x1.(b_, — bi) + 2-1-(y-1 —y1) — 21-(y_4 — y) = —1. Thus Py, © P# is signed product cordial. 


Case 5. m= 1(mod4). 





Suppose that m = 4r+1,r > 1. We choose the labeling [Z4,1;-—11—1, -11—1,1-—11,1 
11,--+ ,(r — times), —11 —1] for Par4i1@ P#. Therefore r_1 = 2r, x1 = 2r +1, a_1 = 2r—1, 
a, = 2r +1, and for the first 4r- vertices y_) = 2,y, = 1, y_, = 1, y, = 2,b0-1= 01, =2 
and by = b, = 1, and for the cycle c3 which is connected to last vertex in Py,41, we have 
y", = 2, yf = 1, b”, = 2 and bi) = 1, where y/’ and 0! are the numbers of vertices and 
edges labeled by i in P# that is connected to the last vertex of P4,41. It is easily to verify that 
v1 = U4 + 0-1-y-14+ (41 —- 1) yy ty) = 8 $2, = 41 + 2-1-9. + (a1 -—1).y, + yf = 
8r + 2, ey = a_y + v.01 + (a1 — 1).0L, + e_y-y_-1 + (41 — 1).-y, +0”, +1 = 14r4+ 3 and 
ey = a, + 2_1.b) + (a1 — 1).0, + weaeyn + (a1 — 1) ey + bi) +2 = 14r+ 3. It follows that 
v_1— 1 = 0 and e_1 — e, = 0. Thus Py,41 © P# is cordial. 














Case 6. m= 2(mod4). 


Suppose that m = 4r+2,r > 1. We choose the labeling [L4,1(—1); (—1)1(—1), (—1)1(-1), 
1(—1)1, 1(—1)1,..., (r — times), 1(—1)1, (-1)1(—1)] for Par42@ P}. Therefore z_1 = 21 = 
2r+1, a1 = 27, a = 241, y1 =2,ym = 1, y1, = 1, x = 2, 0-1 = 2, OL, = 2, 
b; = 1 and bf = 1. Hence v_y — vy = (a1 — %1) + ©-1.(y-1 — yt) + 41-(y_, — y) = 0 and 
e€-1 — ey = (a_1 — a1) + e_4.(b_1 — by) +: 21.(bL, — 4) + e-1-(y-1 — 1) — 41-(y_, — yj) = -1. 
Thus P1,42© P?# is cordial. 





Case 7. m= 3(mod4). 





Let m = 4r + 3,r > 1. We choose the labeling [L£4,1(—1)(—1); (—1)1(-1), (-1)1(-)), 
1(—1)1, 1(—1)1,--- , (r — times), 1(—1)1, (—1)1(-1), 1(—1)1] for Par43 © P}. Therefore x_1 = 
Qr+2, a, = 2r+1, a_y = 2r, ay = 2r+2, and for the first 4r- vertices y_1 = 2, y, = 1, y_, =1 
y, = 2,b-1 = b_, =2 and b; = bi = 1, and for the cycle P# which is connected to last vertex of 











E 














Par43, we have yj = 1, yf = 2, bf = 2 and b/ = 1, where y/’ and bY are the numbers of vertices 
and edges labeled by i in P# that is connected to the last vertex of Py,+3. Similar to Case 2, we 
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conclud that v_y — vy = (1 — 41) + v-1.(y-1 — yx) + (41 — 1)-(y_1 — 9) + (y", — yf) = 0 and 
e€_1 —e, = (a_1 — a1) + 2_1.(b_1 — by) + (1 — 1).(68, — Bf) + e_-1.(y_-1 — yi) — (21 —1).(y 1 - 
y,) + (ec-1 -—c1) -1=0. Hence Pi,.43 © P# is cordial. Thus the lemma is proved. 

















Lemma 3.2 [fn = 0(mod4), then Pm © P? is signed product cordial for all m > 1. 


Proof Suppose that n = 4s, where s > 2. The following cases will be examined. 


Case 1. Suppose that m = 1. Then we label the vertices of P; © Pi, by [-1;-1Las—4— 119]. 
Therefore x_1 1,vz, = 0O,a_-y = Qy 0,y-1 = yi = 28, b_1 = b; = 8s — 5. It follows that 
v_1—v1 =1 and e_1—e; =0. As an example, Figure 1 illustrates P,} © P?. Hence, Pi © Pi, 
is signed product cordial. 








Al 








Figure 1 


Case 2. Suppose that m = 2. Then we label the vertices of P2@ P#, by [-11;—-1Las_4 — 
11g, 12L4,_4—-1y]. Therefore 1) = 7 = lay = lay = O,y-1 = m1 = 25,0-1 = by = 
8s—5,y_, =y| = 2s and b_, = b; = 8s—5. It follows that v_; — v1 = 0 and e_; —e, = 1. As 
an example, Figure 2 illustrates P2@© P}. Hence, P2 © P}, is signed product cordial. 


=| 1 








-1 


/4 | 1 1 1 -1 1 ‘l -1 -1 


Figure 2 
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Case 3. Suppose that m = 3. Then we label the vertices of P3@© Pi, by [—121;—1Las—4 — 
112, —1L4s—4 — 112, 12L4,_4—12]. Therefore x_) = 2,4, = 2,a-1) =a, = 1yy-1 =m = 
2s,b_, = b) = 88 —5,y, = y| = 28 and b_, = db, = 8s — 5. It follows that vp—1 — v,; = 1 and 
e_1 —e; = 0. As an example, Figure 3 illustrates P;@ P?. Hence, P3© P%, is signed product 


cordial. 


=| =| 1 











Figure 3 


Case 4. m=0(mod 4). 


Suppose that m = 4r, where r > 2. Then we label the vertices of Ps, © P#, by (Lar; —1Las—4— 
ie eae eg as Oy a 
120, 4—l,...,(7 — teme)]. Therefore x) = a = 2r,a_y = 2r—1,a, = 2r,y-1 = y = 
2s,b_1 = bj = 88—5,y, = y, = 2s and b, = b, = 8s —5. It follows that v_; — v; = 0 and 
e_1—e; = 1. Asan example, Figure 4 illustrates P; © P}. Hence, Pi, © Pi, is signed product 














cordial. 
-1 -1 1 
yf +f x 1 : 1 \ fst a % 
AAJA S Dg 
RE BL SSB LL 
Figure 4 


Case 5. m= l1(mod 4). 


Suppose that m = 4r +1, where r > 1. Then we label the vertices of Ps,41@© P}, by 
[Lay —1; —1L4g—4—112, —1L4s—-4—112, lol, 4—1e, 124, 4—le,--+ , (r—time), —1L 454-11]. 
Therefore 1 = 2r+1,a1 = 2r,a_1 = a = 2r,y_1 = y1 = 28, b_1 = by = 88—5,y'_, = y|, = 28 
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and b!_, = b = 8s—5. It follows that v_1 — v1 = 1 and e_1 — e; = 0. Hence, Pip41© Ph is 
signed product cordial. 


Case 6. m= 2(mod 4). 


Suppose that m = 4r +2, where r > 1. Then we label the vertices of Py,4+2 © Pi by 
[Lap—11; —1£4s—4—112, —1Las—4—L1e, 12D), 4—1e, lol, 4—1e,- ++ , (r—time), —1L4s_4-11], 
12L4,_4—19]. Therefore ry = 2 = 2r + 1,a_y = 2r + 1,ay = 2r,y-1 = ys = 25,61 = by = 








8s —5,y_, = y, = 2s and b_, = b, = 8s— 5. It follows that v_; — v; = 0 and e_1 —e; = 1. 
Hence, Pi,+2© Pi, is signed product cordial. 


Case 7 m= 3(mod 4). 


Suppose that m = 4r + 3, where r > 1. Then we label the vertices of Ps,+3@© Pi}, by 
[Lar—121; —1L4s—4—112, —1L4s_4—1e, 12L4,_4—-1e, 
1oL4,402,°++ ,(r — time), —1L4s—4—112, —1L4s_4—112, 12L4,, 4-12]. Therefore r_) = 2r + 
2,0, = 2r+ lay = ay = 2r + 1y-1 = y = 25,b_-1 = by = 85—5,y, = y, = 25 and 
b_, =o; = 8s—5. It follows that v_1—v, = 1 and e_1—e; = 0. Hence, P1,43© Pi, is signed 
product cordial. 




















Lemma 3.3 [fn = 1(mod4), then Pm © P? is cordial for all m > 1. 


Proof Suppose that n = 4s+ 1, where s > 2. The following cases will be examined. 


Case 1. Suppose that m = 1. Then we label the vertices of P; © Pi, by [—1; leL4,_4—-11-1]. 
Therefore e_; = 1,2, = 0,a_, = a; = 0, y_-1 = 28,y, = 284+ 1,b_1 = b; = 88-3. It follows 














that v_1 — v; = 0 and e_; — e; = 1. Hence, Pi ©) Piss is signed product cordial. 


Case 2. Suppose that m = 2. Then we label the vertices of P2 © Pee by [—11; —lpL4,-41-11, 
12.L/,,_4-11-1]. Therefore 1 = x, = l,a_y = 1 ay = 0, y-1 = 2854+ lyr = 25,b_-1 = bd) = 
8s — 3,y_, = 28+ 1,y, = 2s and b_, = bi = 8s — 3. It follows that v_1 — v1; = 0 and 
e_; —e, = —1. Hence, P;© Pi, ,, is signed product cordial. 


Case 3. Let m = 3. Then we label the vertices of P3© Pi... by [-11—1;-12L4,-41—-11, 
1204, 4-1-1, 12L4,,_4-11-1]. Therefore x_, = 2,2, = 1,a_1 = 2,a) = 0, y_1 = 284+ 1,y = 
2s,b_-1 = b) = 88 —3,y_, = 2s8,y, = 284+1,0., = bf = 88—3,y"”, = 28,y/f = 2841 
andb!”, = b{ = 8s — 3. It follows that v_1 — v1 = 0 and e_; — e; = 1. Hence, P3© Pi,,, is 
signed product cordial. 








Case 4. m= 0(mod 4). 


Suppose that m = 4r, where r > 1. Then we label the vertices of Ps,@© Pi. by 
(Mar; —loL4s—41—-11, lol, 4—-11-1, —leLas_41-11, 


12.L/,,_4-l1-1,--- ,(r — time)]. Therefore 1 = x = 2r,a_y = 4r—1,a, = 0,y-1 = 
2s5+1,y, = 25,b-1 = b) = 88 — 3,y_, = 28,y, = 284+ 1 and b_, = bi = 8s — 3. It fol 
lows that v_; — v; = 0 and ep — ey; = —1. Hence, Pa, © Pees is signed product cordial. 


Case 5. m=1(mod 4). 


Suppose that m = 4r + 1, where r > 1. Then we label the vertices of Pir41© Pi, 41 by 
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= iste ee ee i ee tn) ey 
—11-1]. Therefore v_1 = 2r + 1,21 = 2r,a_; = 4r,a1 = 0, y-1 = 28+ 1,y1 = 28,b-1 = by = 
88 —3,y, = 28, y, = 25+1,b., =), = 88-3, y”, = 28, y/ = 25+ land b”, = bf = 8s—3. It 
follows that v_1 — vj = 0 and e_1 — ey = 1. Hence, Pyr41© area is signed product cordial. 








Case 6. m= 2(mod 4). 


Let m = 4r+2, where r > 1. Label the vertices of Pyr42© Pie by [M4,42; —leLas—41—11, 
tpl, eA ih ie at tv. ga 111 ly Dodd 0 tod gad 3 
Therefore v_1 = 21 = 2r+1,a_1 = 4r+1,a; = 0, y_-1 = 284-1, y1 = 28, b_1 = by = 88-3, y_, = 
2s,y, = 2s+1 and b!, = bd, = 8s— 3. It follows that v_| — v; = 0 and epg — e; = —1. Hence 
P42 © Pia1 is signed product cordial. 


Case 7. m= 3(mod 4). 


Suppose that m = 4r + 3, where r > 1. We then label the vertices of Pie P yas: 
By Mop ie id ep Ut ie a i 
1214,,_4-11-1,--- ,(r — time), 12L4,_4-11-1]. Therefore x_| = 2r+ 2,2, = 2r+1,a_, = 
4r + lay = O,y-1 = 284+ 1,y1 = 25,b-1 = by = 85 — 3, yh = 28,y, = 2841, = b = 
8s — 3,y”, = 2s,y/f = 2541 and 6”, = bf = 8s —3. It follows that v_1 — v1 = 0 and 
e_1 —€; = 1. Hence, Pir+3© Pi4, is signed- cordial. 














Lemma 3.4 If n= 2(mod4), then Pm © P# is cordial for all m > 1. 


Proof Suppose that n = 4s + 2, where s > 2. The following cases will be examined. 





Case 1. Suppose that m = 1. Then we label the vertices of P; ©) Pii42 by [-1; —113—1s4s_4—l]. 
Therefore r_; = 1,27; = 0,a_-, = a, = 0, y-1 = yr = 284+ 1,b_-1 = b; = 85 — 1. It follows that 
v_1 — V1 = 1 and e_; — e; = 0. Hence, P; © Pig is signed product cordial. 











Case 2. Suppose that m = 2. Then, label the vertices of P2 © Pi... by [—11; —113—1s4,_4-1, 
—1l4,-4—113—1]. Therefore x_; = 2 l,a_-y = lay = O,y-1 = ym = 284+1,0-1 = bf) = 
8s—l,y!, =y = 28+] and b_, = 0; = 8s—1. It follows that v_j—v; = 0 and e_;—e,; = —1. 
Hence, P2 © P34 is signed product cordial. 











Case 3. Let m= 3. Then we label the vertices of P3@© P42 by [-1-11; —113—1s4s_4—1 

113—1s4,-4—1, —1l4,-4—113—1]. Therefore w_, = 2,4; = la-y = a1 = 1ly1 =m = 
2s4+1,b-1 =b) = 88s-1,y, =y|, = 254+] and b_, =), = 85-1. It follows that v_y—v, =1 
and e_; — e; = 0. Hence, P3© Pi, ,9 is signed product cordial. 





Case 4. m= 0O(mod 4). 


Suppose that m = 4r, where r > 1. Then we label the vertices of Pip Peas by 
[lars 113 1s4s_4 1, 113 1s4s_4 1, 1Las—4 113 1, 1Las—a 113 1, sts , (r—time)]. There- 
fore v_y = @ = 2r,a_, = 2r—1, a) = 2r,y_-1 = yw. = 2841, b_1 = by = 88-1, y_, = yj, = 2841 
and b/_, = 6b; = 8s—1. It follows that v_1 — v1 = 0 and e_; — e; = —1. Hence, Pa, © Peg is 
signed product cordial. 





Case 5. m=l1(mod 4). 
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Suppose that m = 4r + 1, where r > 1. Then we label the vertices of Pir41 © Pi,49 by 
[lar —1; —113—1s4s_4—1, —113—154s_4—1, 
1L4,-4—113—1, —1L4,-4—113-1,-++ ,(r — time), —113—1s4,-4—1]. Therefore x1 = 2r + 
Lay = 2r,a_-y = ay = 2r,y-1 = yw. = 2864+ 1,b-1 = by = 88—1,y, = y, = 254+ 1 and 
b!, = 0, = 8s—1. It follows that v_; — v; = 1 and e_; — e; = 0. Hence, Py,41 OP is 
signed- cordial. 








Case 6. m= 2(mod 4). 


Suppose that m = 4r + 2, where r > 1. Then we label the vertices of Pir+2© Pi,49 by 

[lay 11; 113 1s4s_4 1, 113 1s4s_4 1, 
14,—4—113—1, —1l4,-4—113-1,--- ,(r — time), —113—1s4,-4—1, —1£4,-4—113—1]. There- 
fore 1 = 4 = 2r4+1,a-1 = 2r+1lay = 2r,y_-1 = yy = 28 4+-1,0-1 = b) = 88-1, y, = 
y, = 2s+1 and b_, = bf = 8s—1. It follows that v_; — vj = 0 and e_; — e; = 1. Hence, 











P42 © Pix2 is signed product cordial. 
Case 7. m= 3(mod 4). 


Suppose that m = 4r +3, where r > 1. Then we label the vertices of Par+3 © Pii2 
by [Lay lol; 113 1s4s_4 1, 113 1s4s_4 1, 1Las—a 113 1, 1Las—4 113 1,--- (r = 
time), —113—1s4,-4—1, —113—1s4,-4—1, -1L4,-4—113—1]. Therefore x_; = 2r + 2,2, = 
2r+ lay =a = 2rt+1y1 =m = 284+1,0-1 = by = 88—1,y, = y, = 28+1 and 
b_, = b, = 8s—1. It follows that v_1 — v1 = 1 and e_1 — e; = 0. Hence, Purt3© Phy, is 


signed product cordial. 




















Lemma 3.5 If n= 3(mod4), then Pm © P} is signed product cordial for all m > 1. 


Proof Suppose that n = 4s + 3, where s > 2. The following cases will be examined. 


Case 1. Suppose that m = 1. Then we label the vertices of P} © Piii3 by [-1; lesas—l]. 
Therefore r_ 1a, = O,a-) = a, = 0,y-1 = 284+ 1,y, = 254+ 2,0_-) = db) = 8541. It 
follows that v_1 — v1; = 0 and e_; — e; = 1. Hence, Pi © Pes is signed product cordial. 








Case 2. Suppose that m = 2. Then, label the vertices of P2 ©) Pies by [—11; —121L4., 1284,—1]. 
Therefore e_1 = a1 = 1,a_-1 = lay = 0, y_-1 = 2864+ 2,y, = 28+1,b-1 = b, = 884 1,y_, = 
2s+1,y, = 2s+2 and b_, = bi = 8s+1. It follows that v_; — v1 = 0 and e_; —e1 = 1. Hence, 
P, © Pi,x3 is signed product cordial. 








Case 3. Suppose that m = 3. Then we label the vertices of P3 ©) Piss by [—11—1; —1le1Las, 
1o84s—1, 1284,—1]. Therefore x_, = 2,21 = 1,a_-1 = 2,41 = 0, y_-1 = 28+2,y, = 28+1,b_-1 = 
b} = 884+ ly, = 264+ ly, = 264 2,b,, = Of = 884+ 1,y", = 254+ 1,y! = 2842 
andb”, = bf = 8s+1. It follows that v_j — v1 = 0 and e_; — e; = 1. Hence, P3© Pi, is 
signed product cordial. 








Case 4. m= 0(mod 4). 


Suppose that m = 4r, where r > 1. Then we label the vertices of Pe OPE by 
[May; —lg1 Las, 1o84s—1, —1lo1L45, 1284s—1,--- ,(r — time)]. Therefore x, = x1 = 2r,a_) = 
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4dr — lay = 4r,y-1 = 28+ 2,y, = 284+ 1,b_-1 = by = 884+ 1,y, = 284+ 1,y| = 25+ 2 and 
b_, = b = 88 +1. It follows that v_| — v1; = 0 and e_; — e; = —1. Hence, Par © Piss is 
signed product cordial. 


Case 5. m=1(mod 4). 


Suppose that m = 4r+1, where r > 1. Then we label the vertices of Py,+1 © Pies 
by [Ma,—1; —1g1L4s, 1284s—1, —lo1 Ls, 1284s5—1,--- ,(r — time), 1o84,—1]. Therefore x_1 = 
Qr+1,0, = 2r,a_, = 4r, a) = 0, y-1 = 284+2,y) = 284+-1,0-1 = b) = 884+ 1, y_, = 284+1,y, = 
2s+2,0_, = b, = 8s+1,y", = 2s+1,y/{ = 28+ 2and 6”, = bf = 8s +1. It follows that 
v_1 — v1 = 0 and e_; — e; = 1. Hence, P4-41© eee is signed product cordial. 








Case 6. m= 2(mod 4). 


Suppose that m = 4r + 2, where r > 1. Then we label the vertices of Py,+2 @ Pins 
by [M4,+42; —lo1 Las, 1284s—1, —le1 Las, 1284,—1, —1e1L45, los4,—1,--- , (r — time)]. Therefore 
14 = 2% = 2rtla_y = 4r4+ 1a, = 0,y-1 = 284+ 2,y, = 254+ 1,0-1 = by = 884 1,y_, = 
2s+1,y, = 2s+2 and b_, = bf = 8s+1. It follows that v_1 — v1 = 0 and e_; —e, = —1. 
Hence, Pir+2© Pi,;3 is signed product cordial. 





Case 7. m= 3(mod 4). 


Suppose that m = 4r + 3, where r > 1. Then we label the vertices of P4,+3 © Piws by 
[Mar42—1; —121Las, 1284s—1, —121 Las, 12845—1, 
—191L45, 1254s—1..., (r — time) 
los4s—1]. Therefore v_1 = 2r + 2,4, = 2r+1,a_1 = 4r+2,a1 = 0,y-1 = 2864+2,y1 = 
2s+1,b-) =); = 88+1, yl, =284+1,y, = 284+ 2,b., =0, = 854+ ly”, =2s+1 yf = 28+2 
and b”, = bf = 8s+1. It follows that v_, — v; = 0 and e_1 — e; = 1. Hence, Py,+3 @OPirs 
is signed product cordial. 














As a consequence of all lemmas mentioned above we conclude that the signed product 
cordial of the corona between paths and fourth power of paths is cordial for all m, n > 7 and 
n= 3 for allm> 1. 


Theorem 3.1 The corona between paths and fourth power of paths is signed product cordial 
for allm, n> 7 and also forn =3 with m > 1. 











Proof The proof follows directly from Lemma 3.1 to Lemma 3.5. 
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Abstract: The eccentric sequence of a graph is defined as list of eccentricity of its vertices. 
Eccentric sequence of composite graphs under seven graph products: line graph, sum, carte- 
sian product, disjunction, symmetric difference, lexicographic product and corona product 
is investigated. Also some family of non vertex transitive graphs that are self centered are 
determined as product of graphs. It is proved that for any positive integer d, there is an 
infinite family of non-vertex transitive self centered graphs with diameter d. The relation 


between total eccentricity of a tree and total eccentricity of its line graph is given. 
Key Words: Eccentricity, eccentric sequence, graph product, self centered graph. 
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§1. Introduction 


We consider only simple connected graphs in this paper. Let G = (V(G), E(G)) be a graph and 
u,v be two vertices of G. The distance between u and v, dg(u,v) (simply d(u,v)) is the length 
of shortest path connecting u and v. For a vertex v € V(G), the eccentricity of v, eg(v) is the 
maximum distance from v to other vertices in G. The maximum and the minimum eccentricity 
among all vertices of G are called diameter diam(G) and radius rad(G) of G respectively. The 
center of G, C(G) is the set of vertices whose eccentricity is equal to rad(G). A graph G is 
called self centered if all of its vertices have a same eccentricity. Let V(G) = {v1, v2,-++ Un} 
be the vertex set of G. Eccentric sequence of G is the sequence €1, €2,--: ,€n where ¢; is 
the eccentricity of vertex vj. The minimum eccentric sequence of G, es(G) is the sequence 
fel, e2,--+, ey} where €1, €2--- ,€x are the different eccentricities of vertices and t; denotes 
the number of vertices with eccentricity ¢; and more over €j;4; = €¢; +1 forl <i< k—-1. 
Note that ¢; = rad(G) and ¢, = diam(G). Eccentric sequence is interesting since it provides 
information on the vertex eccentricities and some structural properties of the graph such as 
diameter, radius and variability of vertex eccentricities. Call a sequence of positive integer 
eccentric if it is eccentric sequence of a graph. In a series of papers several properties of 
eccentric sequences are studied. For instance see surveys [3, 7, 11, 14, 17]. Characterization of 
eccentric sequences of graphs was first considered by Lesniak [11] who characterized sequences 
which are the eccentricity sequences of trees. 
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Study of graph invariants specially topological indices under graph products is very in- 
terested in mathematical literature. Some properties and application are reported in surveys 
(1, 2,4 C6, 8 C 10, 12, 15, 18]. In this paper, we study the eccentric sequence of composite 
graphs. We obtain explicit formulas of eccentric sequence for some graph product such as: line 
graph, sum, cartesian product, disjunction, symmetric difference, lexicographic product and 
corona product. Two important topological indices based on eccentricity of vertices are the 
total eccentricity and eccentric connectivity index. The total eccentricity of a graph G, €(G) is 
the sum of eccentricities of its vertices. Clearly, if 


es(G) = {eq +++ ,e* 
then, 
k 
E(G) = S— tie(w). 
i=1 


The eccentric connectivity index of graph G, ECI(G), introduced by Sharma et al. [16], is 
defined as 
ECI(G) = ye e(v)deg(v), 
veEV(G) 

where deg(v) denotes degree of vertex v. These topological indices have been used as mathe- 
matical models for the prediction of biological activities of diverse nature. The automorphism 
group of G is denoted with Aut(G). A graph is called vertex transitive if for any pair of vertices 
u and v, there is an automorphism a such that a(u) = v. It is known that an automorphism 
of a graph preserve the distance function. It follows that vertex-transitive graphs are always 
regular and self centered graph. 


In this paper we construct an infinite family of non-vertex transitive graphs which are 
self centered. In the rest of the section, some standard graph products are introduced, then 
eccentric sequence of graphs under these graph products is verified. First, we start with line 
graph. Line graph of G, L(G) is a graph which each vertex of L(G) is associated with an edge 
of G and two vertices in L(G) is adjacent if and only if the corresponding edges of G have 
an end vertex in common. The sum of two graphs G; and G2, G; + G2 is defined as the 
graph with the vertex set V (G,) U V (G2) and the edge set H (Gi + Go) = E(G,) U E(G2)U 
{uzuz lui € V(G1), uz € V(G2)}. The next binary graph product is cartesian product. The 














Cartesian product G,{OG> is the graph with vertex set V(Gi) x V(G2) and (ui, uz) is adjacent 
to (v1, v2) if uy = v1 and (uve) € E(G2), or ug = ve and (uwiv1) € E(G1). 


The disjunction G, V G2 is the graph with vertex set V(Gi) x V(G2) and 
E (Gi V G2) = {(u1, u2)(v1, v2) \u1 v4 € E(G)) or U2Vv2 © E(G2) ee 


For given graphs G; and Go, their symmetric difference G1 ® G2 is the graph with vertex 
set V(Gi) x V(G2) and two vertices (u1, U2) and (v1, v2) are adjacent if and only if ujv1 € E(G1) 
or U2v2 € E(G2) 


The diameter of disjunction and symmetric difference of two graphs when both of them 
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contain more than one vertex do not exceed of 2. The next binary operation is the lexicographic 
product. The lexicographic product of two graphs Gi and G2, G1 [G2] is the graph with vertex 
set V(G1) x V(G2) and two vertices u = (ui1,u2) and v = (v1,v2) are adjacent if (uy is 
adjacent with v1) or (u; = v1 and ug and v2 are adjacent).The operations sum, disjunction and 
symmetric difference are symmetric operation and this fact implies that they have symmetric 
eccentric sequence. But the lexicographic product do not have such property. Let n;, 7 = 1,2 
denotes the order of G;. The corona product of two graphs is denoted by G, 0 G2 and is obtained 
from one copy of G; and n, copies of G2, and then joining all vertices of the i-th copy of G2 to 
the i-th vertex of G, for i = 1,2,---,m1. In [13], application of coronas in chemical modeling 
was reported. 


§2. Main Result 


In this section, explicit formulas for eccentric sequence of some composite graphs is given. 


2.1 Line Graph of Trees 


Eccentric sequence of line graph of a tree can be determined by its eccentric sequence. We 
present a relation between of total eccentricity of a tree and total eccentricity of its line graph. 


Theorem 2.1 Let T be a tree with rad(T) =r. If es(T) = {r™, (r +1)™,--- ,(2r)""}, then 
eccentric sequence of L(T) is obtained as 


{r™ (r+ 1)™,---,(Qr—-1)""} if C(T) = ki 


es(L(T)) = 
MAE) {(r —1)+,r™,--- ,(2r—2)""-1} if C(L) = Ke 


where n, > 0 and forO<igr—-1,n; 21. 


Proof We must to consider two cases. 
Case l. C(T) = Kj. 


Let p be the unique central vertex. Let N;(p) = {v € V(T)|d(p, v) = i}. Since T is a tree, 
for a vertex u € Ni(p), er(u) =i+r. Also there is a unique vertex v € Nj_1(p) that is adjacent 
to u. Now consider the bijection f : V(T) —{p} > E(T), if ue Ni(p), i > 1, then f(u) = uv 
where v € Nj;_1(p). For a vertex u € N;(p), we have er(u) =r +i and ez(7)(f(u)) =r +i-1. 
Thus if 

es(T) = {rt (r $I)", -+  (2r)""}, 


the eccentric sequence of L(T’) is obtained as 


es(L(T)) = {r™, (r +1)™,...,(2r — 1)"*}. 


Case 2. C(T) = Ko. 
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Let p and p2 be two adjacent central vertices of T’. It is easy to see €z(7)(pip2) =r — 1. 
Let T— {pipe} = T,UT> which p; € T; for 7 = 1,2. Clearly if u € T;, clearly e(u) = r+d(u, p;). 
By a similar argument to Case 1, if u € N;(P;)NT;, 7 = 1,2, then there is a unique vertex v € 
N,-1(P;) that uv € E(T). Thus we get again a bijection f : V(Z') — {p1, p2} — E(T) — {pipe}. 
Also if u € N;(P;) Tj, then ezcr)(f(u)) = er(u) — 1. This implies that if 


es(T) = {r*, (r + Lye, amas (2r = Ly 


then 














es(L(T)) = {(r = iN (r)™, vee, (2r _ Dery. 
Corollary 2.2 Let T be a tree. L(T) is self centered graph if and only if T is a star graph. 


Proof Clearly the line graph of a star graph is complete graph and then is self centered. 
Let T be a tree of order n and rad(T) = r. If L(T) is self center graph, by Theorem 2.1, 
eccentric sequence of T has form es(T’) = {(r — 1)"~1} or {r!,(r + 1)"~?}. This means that 


the variability of eccentricity in T is 1 or 2. Since T is a tree, this implies that rad(T) = 1 and 











the proof is completed. 





Corollary 2.3 Let T be a tree of order n and radius r. Then 


€(T) =€(L(T))+n4+r-1. 


Proof We consider two cases with respect to es(T') and es(L(T)). 
Case 1. es(T) = tae (r + 1) ee hy (2r)"r} and es(L(T)) = fae, (r + dee Sas (2r = Le 
By a straight calculation we get 


(fT) —€(L(L)) =r+ Son =rtn-1. 


i=1 


Case 2. es(T) = {r?, (r+1)™,--» ,(Qr—1)"-1} and es(L(T)) = {r — 11, (r)™,--- , (2r— 
2)rEy, 


Again, in this case a same result is obtained as well. 


r-1 


(LP) — €(L(L)) = 2r —(r-1) + Sonar tltn-2=n4+r-1. 


i=1 

















2.2 Sum 
Theorem 2.4 Let G; and G2 be simple connected graphs. Then, 


es(Gy + G2) =— fpenhea Seite ty ta 
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where c; is the number of vertices of eccentricity 1 in G; and n; is the number of vertices of 
Gi; c= ae 2. 


Proof It is not difficult to see that diam(G; + G2) < 2. For vertex « € V(G;) we have 
EG,+G,(x) = 1 if and only if e¢,(a) = 1. Let c; denotes the number vertices of eccentricity 


1 in G;, i = 1,2. Then the eccentric sequence of G; + G2 is obtained as es(G; + Go) = 
fjesea Oritnasci=es\. 














The eccentric sequence of sum of more than two graphs can be obtained by a reasoning 


similar to the above. 


Corollary 2.5 Let G1,G2,--- ,G, be simple connected graphs. Then 





es(Gy +Gote--t+ Gx) = {1etn ae guint ae 


where c;, is the number of vertices of eccentricity 1 (or 0) in G; and n,; is the number of vertices 
of Gi; 1=1,2,---n. 


Corollary 2.6 For any integer n > 5, there is a self centered graph and non vertex transitive 


of diameter 2 and order n. 











Proof It is sufficient to consider the complete bipartite graph K2,-2 = Ko + Kn_o. 





2.3 Cartesian Product 


Theorem 2.7 Let es(G1) = {e1", €2°,---, ex’ } and es(Gz) = {61°1, 62°?,--+, bm°™}. 
Then, 














es(G,0G2) = {(e: + bj) 





Proof It is known that dg,oc,((x,y), (u,v)) = de, (x,u) + de,(y,v), this implies that 
EG, G2 (x, y) = EG, (x) + EG2 (y). 


Let m; and nj; be the number of vertices of eccentricity ¢; and 6; in G; and G2 re- 









































spectively. Then, min, vertices of G;G» have eccentricity ¢; + 6;. Therefore es(G,;HG2) = 
(ene 




















1<i<k, 1<j<m- 
Corollary 2.8 There are infinite family of non-vertex transitive self centered graph. 


Proof It is sufficient to consider the powers of a non-vertex transitive self centered graph 














such as Kp» where m 4 n and m,n > 2. 


2.4 Disjunction 


First note that if G= kK, then GV H =H andGOH <A as well. Therefore the considered 
graph for these two graph products are except K1. 
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Theorem 2.9 Let G; 4 kK, # Go. Then 
es(Gy V Gg) = {19 , grim2 rca 


where c; is the number of vertices of eccentricity 1 in G; and n; is the number of vertices of 
Gi; i= 1, 2: 


Proof Let (x,y) and (u,v) be two vertices of Gy VG and xa’ € E(G) and vv’ € E(G2). 
Since (x, y) and (u,v) both are adjacent to (x’,v’) then d((x, y), (u,v)) < 2. Therefore for each 
vertex (%,y) € Gi V Go, we have eg,va,(%,y) < 2. If eg,(x) > 1, and de, (az, y) > 2 then 
d((x,u), (y,u)) = 2. Hence, eg, ve,(x,y) = 1 if and only if eg, (%) = 1 = €G,(y). Let c; vertices 
of G; are of eccentricity 1 for i = 1,2. Then c,c2 vertices of G, V Gz have eccentricity 1 and the 
other vertices are of eccentricity 2. This implies that es(G1 V Gg) = {19,2 72—-7}, 














Corollary 2.10 Let G, and G2 be two graphs of radius at least 2. Then Gi V G2 is a self 
centered graph and es(G1 V Gz) = {2™™}. 


2.5 Symmetric Difference 


Lemma 2.11((9]) Let Gi and Gz be two simple connected graphs. The number of vertices 
of G; is denoted by n; fori = 1,2. Then dega,oa,((u,v)) = nedega,(u) + nidege,(v) — 
2dega, (u)dega, (v). 


Theorem 2.12 Let G; 4 Ki 4 G2. Then es(Gi ® Gg) = {2™™}. 


Proof Let (x,y) and (u,v) be two vertices of G1 VG2 and xa’ € E(G) and vv’ € E(G2). 
Since (x,y) and (u,v) are adjacent to (x,v’) then d((z,y), (u,v)) < 2. On the other hand, 
(x,y) and (a’, v’) are not adjacent in G1 @ G2. Therefore each vertex (x, y) € Gi ® Gz we have 
EG1@G2(“,y) = 2. This concludes that es(G; @ Gz) = {2™”}. 














Corollary 2.13 For any positive integer d there is an infinite family of non vertex transitive 
graphs which are self centered with diameter d. 


Proof Let @k_.Gi = G; ®@Go®---@ Gx. For any positive integers n,k > 3, let Gn, = 
@*_,Pn. Using Lemma 2.11 and Theorem 2.12 we get that Gy, is a self centered graph of 


diameter 2 and it is non vertex transitive because it is not regular. Now consider the graph 














An kd = Gnik Cra 2) which is self center graph of diameter d. Since Gy, is not regular 
graph then Hy, xq is not regular and consequently is not vertex transitive graph as well. Clearly 











diameter of Hy, xq is d and the proof is completed. 





2.6 Lexicographic Product 


For the lexicographic product of graphs, the distance of pair vertices is determined by the 
following lemma. 
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Lemma 2.14([9]) The distance of pair vertices in Gi[G2] is 


da, (ui, U2) U1 = V2 
dey [G2] ((u1, v1), (ua, v2)) _ 1 U1 = U2, V1V2 € E(G2) 


2 otherwise 


Therefore, the eccentricity of vertex (u,v) € V(Gi1[G2]) is determined by 


1 if eg, (u) = €e,(v) =1 
E(u,v) = <2 if eg,(u) =1 


Eq, (u) ife(u) > 2 


and €g,(v) > 2 


Now, all conditions are ready to obtain the eccentric sequence of Gi [Ga]. 


Theorem 2.15 Let es(Gi) = {et,...,e;"} and n; and c;, i = 1,2 be the order and the number 


of vertices of eccentricity 1 of G; respectively. Then 


es(G1 [G9]) — fetes ger(na—ca)+tana | eer i ser . 


2.7 Corona 
Remark 2.16 If G; = Ky, then GjoG2 = K, + G2 and 


es(G10G2) = {114% 272-2} 


yk 
Theorem 2.17 Let G; #4 Ky and es(Gi) = {ep his Then 
t th 
es(G 0G2) = Jenene geste, Tae Rote k poses e 


where no =|V(G2)| and e444 =e, +1. 


Proof Let V(G1) = {v1, v2,..., Un} and Gz; be the copy of Gz associated to v;. From 
the structure of corona product of graphs one can see that €G,oG,(vi) = €G,(vi) + 1 and if 
x € V(Gai), EGyoGs(@) = ea, (ui) 42,1 <i<n. Then for x € V(G)0G2), 


6g =E, +1 <e(x) Sep +2 = Epyo. 


Let v be a central vertex of G; and €g,(v) = €1, then €G,oG,(v) = €1+1 = €2. This follows that 
center of G; coincides center of G10oG 2. For i > 2, the set of vertices of G; having eccentricity 
€; and the vertices of Gg. which e(V;) = e;_1 are of eccentricity ¢;41 in GjoG2. Thus for 7 > 2, 











the number of vertices that have eccentricity €;41 is t; + net;_1. The proof is completed. 
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§3. Examples and Concluding Remarks 


In this section, our theorems for eccentric sequence are illustrated for several more particular 


composite graphs. We first give the expressions for suspensions. 
Corollary 2.18 Let G be a graph on n vertices. Then 

es(K, + G) = {1°t",2"-*}, 
where c is the number of vertices of eccentricity 1 in G. 


Next, the eccentric sequence for the fan graph K,+ P, and the wheel graph W,, = kK, +Cy 
are presented by 


Corollary 2.19 For the fan graph K, + P, and the wheel graph W, = Ki +Ch, 


{1°} ifn=1, 

8 fn= 
ate ay ifn = 2, 
{17,27 af 3y 
fort ifn>4 

and 
. fn= 
es(W») = ee fn =3 


{112°} ifn >4. 


By composing paths and cycles with various small graphs, we can obtain different classes 
of polymer like graphs. For example, we state the eccentric sequence for the fence graph P,,|K] 
and the closed fence C’, [A] in the following conclusion. 


Corollary 2.20 For the fence graph P,|K2] and the closed fence C,[Ka], 


iy ifn=1, 
(144 f=, 

P,,|Ke|) = 
een) (12,244 ia 


{222,329 bt} ifn D4, 
where es(P,) = {2,3°,---k*} forn > 4 and 


{1%} if n = 3, 
es(C,[K2]) = 
{[§)?"} ifn >4. 


The t-thorny graph of a given graph G is obtained as GoK,, where K,, denotes the empty 
graph on n vertices. For the t-thorny path and t-thorny cycle we get the following eccentric 
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sequence. 
Corollary 2.21 For the t-thorny graph P,oK, 


{1% 2*} n=1, 
es(P,oKt) = 4 {22,374} n= 2, 
(21 342, Pn = 3. 


Ifn > 4 and it is even 


es(P,0K;) _ {5 ae 1, 5 fs Daas eae net, (n+ 1)7"t 


and if n > 5 and it is odd then 


es(Pnok) = {(A2*)1, ( 





BE yt? A 422, 2, (nt 1). 
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Abstract: A function f is called an F-centroidal mean labeling of a graph G(V, E) with p 
vertices and q edges if f : V(G) — {1, 2,3,--- ,q+ 1} is injective and the induced function 
f* : E(G) > {1, 2,3,--- ,q} defined as 


2 [f(u)* + Fw) Fr) + am 


F (uv) = 3 (Flu) + FO) 


for all wv € E(G), is bijective. A graph that admits an F-centroidal mean labeling is called 
an F-centroidal mean graph. In this paper, we have discussed the F'-centroidal meanness of 
the graph P,(X1, X2,--- Xn), the twig graph TW (Pr), the graph Pro Sm for m < 4, planar 
grid Pm X Pp» for m < 3, the ladder graph Ln, the graph P, o Ke, the graph P? for a > 2 
and b < 3, the middle graph of the path, total graph of the path and the square graph of 
the path, the splitting graph of the path and the graph P(1,2,--- ,n— 1). 


Key Words: Labeling, F-centroidal mean labeling, F-centroidal mean graph, Smaran- 


dachely F-centroidal mean labeling. 


AMS(2010): 05078. 


§1. Introduction 


Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, EF) 
be a graph with p vertices and q edges. For notations and terminology, we follow [8]. For a 
detailed survey on graph labeling, we refer [7]. 

Path on n vertices is denoted by P,. The graph P,(X1, X2,...Xn), is a tree obtained 
from a path on n vertices by attaching X; pendent vertices at each 7” vertex of the path, for 
1<i<n.A Twig TW(P,),n > 4 is a graph obtained from a path by attaching exactly two 
pendant vertices to each internal vertices of the path P,,. The graph Go S;, is obtained from G 
by attaching m pendant vertices to each vertex of G. Let G; and G2 be any two graphs with 
pi; and p2 vertices respectively. Then the Cartesian product G; x G2 has pip2 vertices which 
are {(u,v) : u € Gi,u © Go} and the edges are obtained as follows: (u1,v1) and (ug, v2) are 
adjacent in G, x G2 if either uy = ug and v; and v2 are adjacent in G2 or u; and ug are adjacent 
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in G,; and v, = vg. The product P,, x P,, and is called a planar grid and P, x Py, is called a 
ladder, denoted by Ln. 

Let a and b be integers such that a > 2 and b > 2. Let yi, y2,..-Ya be the ‘a’ fixed 
vertices. Connect y; and y;41 by means of b internally disjoint paths P! of length ‘i+ 1! each, 
for 1 <i<a-—land1<j <b. The resulting graph embedded in the plane is denoted by P?. 
The middle graph M(G) of a graph G is the graph whose vertex set is {v: v € V(G)} Ufe: 
e € E(G)} and the edge set is {e1e2 : €1,e€2 € E(G) and e; and eg are adjacent edges of 
GhU {ve:v € V(G),e € E(G) and e€ is incident with v}. The total graph T(G) of a graph G is 
the graph whose vertex set is V(G) U E(G) and two vertices are adjacent if and only if either 
they are adjacent vertices of G or adjacent edges of G or one is a vertex of G and the other 
one is an edge incident on it. Square of a graph G, denoted by G?, has the vertex set as in G 
and two vertices are adjacent in G? if they are at a distance either 1 or 2 apart in G. For each 
vertex vu of the graph G, take a new vertex v’ to these vertices of G adjacent to v. The graph 
thus obtained is called the splitting graph G and it is denoted by S’(G). An arbitrary super 
subdivision P(m1,mz,--: ,Mn—1) of a path P, is a graph obtained by replacing each i*” edge 
of P,, by identifying its end vertices of the edge with a partition of Kom, having 2 elements, 
where m, is any positive integer. 

Durai Baskar and Arockiaraj defined the F-harmonic mean labeling [6] and discussed its 
meanness of some standard graphs. The concept of F-geometric mean labeling was introduced 
by Durai Baskar and Arockiaraj [5] and it was developed [4]. The concept of F-root square 
mean labeling was introduced by Arockiaraj et al., [1] and they studied the F-root square 
mean labeling of some standard graphs [2]. Durai Baskar and Manivannan were introduced 
F-heronian mean labeling [3]. Motivated by the works of so many authors in the area of graph 
labeling, we introduced a new type of labeling called an F-centroidal mean labeling. 

A function f is called an F-centroidal mean labeling of a graph G(V, EF) with p vertices 
and q edges if f : V(G) — {1,2,3,--- ,q¢+1} is injective and the induced function f* : E(G) > 
{1,2,3,--- ,q} defined by 

“(oy — | 21)? + F)F(e) + Fe)? 
row) = eo | 


for all wv € E(G), is bijective. Otherwise, it is called a Smarandachely F-centroidal mean 
labeling of G if there is a number k € {1,2,3,--- ,q} such that the inverse f~* of f* holds with 
|f-*(k)| > 2. A graph that admits an F-centroidal mean labeling is called an F-centroidal 
mean graph. 

An F-centroidal mean labeling of cycle C4 is given in Figure 1. 


2 3 5 


1 2 4 


Figure 1 An F-centroidal mean labeling labeling of C4 
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In this paper, we have discussed the F-centroidal meanness of the graph P,(X1, X2,--- Xn), 
the twig graph TW(P,,), the graph P, o S,, for m < 4, planar grid P,, x P, for m < 3, the 
ladder graph L,,, the graph P,, 0 Ko, the graph P? for a > 2 and b < 3, the middle graph of the 
path, total graph of the path and the square graph of the path, the splitting graph of the path 
and the graph P(1,2,---,n— 1). 


§2. Main Results 


Theorem 2.1 The graph P,(X1, X2,---Xn) is an F-centroidal mean graph, for 1 < X; <3 
and |X; — Xi4i1| <1, forl<i<n-1. 


Proof Let ui, u2,--+ ,Un be the vertices of the path P,. Let ul), ol), vee ue) be the 
pendant vertices attached at u;, for 1 <i<n. 


Define f : V(Pr(X1, X2,---Xn)) > {1,2,3,---, 32 X; +n} as follows: 
i=1 








flo?) = 2, X1 = 1, 
: 1 X41. 
For 2<i<n, 
i-1 
So Xx rt, Ay = 2,3, 
1 = 
fe Sat 
S> X,ti¢1, Xj=1 
k=1 
For 1<i<n, 
(1) a 
fo) = flog") +2, j=2 
‘ fWP) 43, X;=3andj=3 
and 
Huy =f FOV X= 28, 
fe?)-1, X= 


Then the induced edge labeling f* is obtained as follows: 


For 1<i<n-1, 


f (uit) = 





and fr (vo ur) =1. 
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For 1<i<n, 


and 


f (us), X; = 23 and 7 = 2, 
f(us) +1, X; =3 and j =3. 


Hence f is an F-centroidal mean labeling of P,,(X1, X2,--- Xn). Thus the graph P,,(X1, X2,--- Xn) 
is an F-centroidal mean graph, for 1 < X; < 3 and |X; — Xi4i| <1, forl <i<n-1. 














a: ee Sy Ges ee cs a © 





1 3.4 6 8 9 1 22 44 #15 16 18 19 20 99 


Figure 2 An F-centroidal mean labeling of P,,(2,2,1, 2,3, 3, 2) 


Corollary 2.2 The twig graph TW(P,,) of the path P,, is an F-centroidal mean graph, for 
n> 4. 


Theorem 2.3 The graph P, 0° Sm is an F-centroidal mean graph, forn > 1 andm< 4. 


Proof Let v1, v2,3,°**,Un be the vertices of the path P, and Wu), ud, tee ul) be 
the pendant vertices at each v;, for 1 <i<n. 


Case l. m=4. 


Define f : V(P, 0 S4) > {1, 2,3,...,5n} as follows: 








f(v1) = 2, 

f(vi) = 5i- 2, forl<i<n, 
f(y?) =1, 
f(ul) =5i—5, for2<i<n, 
f (us) =3, 
f(us?) = bi -3, for2<i<n, 
f(us?) = 5i—-1, forl<i<n, 
f(u) =5i+1, forl<i<n-1l, 
fC) = on: 
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Then the induced edge labeling f* is obtained as follows: 





f* (wivigi) = 5i, for 1 <i<n-1, 
f (vue )=5¢-—4, forl <i<n, 
f*(viust )= 51-3, forl<i<n, 
fi (ving )=5i-2, forl<i<n 
f (vue )=5t-1, forl<i<n. 


Case 2. 1<m<3. 


By Theorem 2.1, the results follows in this case. 


Hence f is an F-centroidal mean labeling of P,o Si, forn > 1 and m < 4. Thus the graph 











P,, © Sm is an F-centroidal mean graph, for n > 1 and m < 4. 





2 5 8 10 13 15 18 





rs 6 5 9°47 10° 4a ga 16 45 47 (19 -20 


Figure 3 An F-centroidal mean labeling of Py 0 S4 


Theorem 2.4 The planar grid Py, x Pp, is an F-centroidal mean graph, form < 3 and n> 2. 


Proof Let V(Pm x Pn) = {vig : 1S icm, 1<j <n} and E(Py x Pr) = {uijvgsi,; : 
l<icgm—-1,1<j <n}U{ujvig4y :1<i<m, 1<j<n-—1} be the vertex set and edge 
set of the graph P,, x Pp. 








Case 1. m=2. 
Define f : V(P2 x P,) > {1,2,3,---+ ,3n— 1} as follows: 
f(viz) =t+39—-1), for l<i<2and1<j<n. 
Then the induced edge labeling f* is obtained as follows: 


f* (v1; 025) = 37 — 2, for 1 ae a << n, 


F wygvigay) =t+ 37 —2, for 1 <i<2and1<j<n-1. 


Case 2. m=3. 
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Define f : V(P3 x P,) > {1,2,3,--- ,5n — 2} as follows: 


f (var) = 1, for 1 < a < 3, 


i+4, i=1, 
i+5, 2<1<3, 


f(vi2) = 





f(viz) =t+59-1), for 1<i<3and3<j<n. 
Then the induced edge labeling f* is obtained as follows: 
Ff’ (vavesyi) =4, for 1 <1 < 2, 
f* (vi Ui2) =1+2, for 1 Se a S 3, 


%4+3(7-1), 1<i<2Qandj=2, 
t+5(j -1), 1<i<2and3<j<n, 





i (Vig V41)3 ol 
f* (vigvigga)) =t+5j —3, forl <i<3and2<j<n—-1. 


Hence the graph P,, x P, admits an F-centroidal mean labeling. Thus the graph P,, x P,, is 


an F-centroidal meangraph for m < 3. 











For n = 2, an F-centroidal mean labeling of Pz x P, is as shown in Figure 4. 





2 4 5 7 8 10 
1 
1 4 7 10 
2 3 5 6 8 9 11 


Figure 4 An F-centroidal mean labeling of P2 x Py 


1 5 11 16 21 26 31 





3 8 13 18 23 28 33 


Figure 5 An F-centroidal mean labeling of P3 x P7 


Corollary 2.5 Every Ladder graph Ly, = Pz x Pp is an F-centroidal mean graph for n > 2. 


Theorem 2.6 The graph P,, 0 Kz is an F-centroidal mean graph for n > 1. 
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Proof Let v1, v2,U3,+++ ,Un be the vertices of the path P, and ul, uy) be the vertices of 
i” copy of Ky attached with v;, for 1 <i <n. Define f : V(P, 0 Kz) > {1,2,3,--- ,4n} as 


follows: 
f(u) = 4¢-2, for l<i<n, 
flu) = 46-3, for l<i<n, 


( 
fu) =4i, forl<i<n. 
Then the induced edge labeling f* is obtained as follows: 


= 41, forl <i<n-1, 


Hence f is an F-centroidal mean labeling of P,, o K2 for n > 1. Thus the graph P,, o K2 is an 














F-centroidal mean graph, for n > 1. 





1 2 4 5 6 g g 0 yp 13 14 16 4, 18 29 


Figure 6 An F-centroidal mean labeling of Ps 0 K2 


Theorem 2.7 The graph P® is an F-centroidal mean graph, for a > 2 and b < 3. 


a 
Proof Let ys, ©ij1, Vij2,--- Tigi, Yit1 be the vertices of the path fee where 1 <i<a-—land 


a—1 b aaa 
1<j <b. Let V(P*) ={y:1<i<asuU U {eign 2 1 Sk <i} and E(P®) = U {yrigr : 
j=l i=l 


a-1 
1<i<bsu Si U {tige@igegiry > 1S k<i-—1}U VU {agiyin. : 1 <7 < db} be the vertex set 
t=1 j=1 t=1 
and edge set of the graph P?. 


Case l. bD=2. 
Define f : V(P?) — {1,2,3,--- ,(a—1)(a+ 2) + 1} as follows: 
fyi) =1, 


f(y) = (@- DG +2) +1, for2<i<a, 
f(ei) =7 +1, for 1 <j <2 and for2<i<a-1, 


F-Centroidal Mean Labeling of Graphs Obtained From Paths 129 


f (ijn) = (@- 1) (6 +2) +2k 45-1, forl<k<iand1<j <2. 





Then the induced edge labeling f* is obtained as follows: 








F(yieij1) = 9, for 1 <7 < 2, 
f* (ij1y2) =7 +2, for 1 <j < 2, 
f* (vita) = (@-1)G4+2) +9, for2<i<a-landl<j< 2, 
Ff  (@aige®ycaeey) = @-—1)G+2)+54+ 2k, for2<i<a-1,1<k<i-land1<j <2, 
f* (wigsyini) = ii +3) + 9-2, for2<i<a-—land1l<j<2. 
Case 2. b=3. 


Define f : V(P3) = {1,2,3,--- , 2@ VE) + 1) as follows: 


f(y) =1, f(y2) =5, f(tin) = 2, f(ij1) =4j7 — 5, for 2< 7 <3, 





3(i—1)(i +2 4k+5, k=1, 
AS 7 a Fae 
2 Ak+4, k=2, 
eee: Rai, Pe. jasd: 
F (22K) = f(x28k) = 
Th-4, k=2, i a 2 





For 3<i<a-1l1, 


HDHD) pd pezcg 
f(aiji) = ; 2 +97 +1, SIS4 
ij sitios aay, y j=38 and 

2 o] 





SOF?) 495-4 3k—1, 1<j<2,2<k<i-1, 





and k is even, 
Cea) eee j=3,2<k<i-1 
and k is even, 


SG G42) 4 oF 4 k= 3, 1<j<3,2<k<i-1 





and k is odd, 
i tae) = 3(i- (i+2) é ° . 
SS Oy shee |, j=1,k=iand k is odd, 
BO UGH) 4 3b 4 5-1, j =2,k =i and k is odd, 
BOO) 4 38k + 5, j =3,k =iand k is odd, 
3(é—1) (+2) . . =o 
a + 8k + fj, iy Os, 


and k is even, 


SCS ae 1. j =3,k =i and k is even. 














130 S. Arockiaraj, A. Rajesh Kannan and A. Durai Baskar 


Then the induced edge labeling f* is obtained as follows: 


jo 1sSj82, 








PP (ytiji) = 
5, jJ=83, 
SGU G+?) + j, j=land2<i<a-l, 
. SG Per2) +j + 1, j =?2andi= 2, 
f (yirij1) = 3(i—1)(i+2) 7 . ; 
eee + jl, j=sandi=2, 
SG UGt?) +47, j = 2,3 and 3 < a < o> , 
14, gay 
* 3, j= 1, x : 
f* (e1j1y2) = f*(xajays) = 4 13, J = 2, 


23, 25583, 
15, j=3, 


f*(@9;1%2j2) =7 +9 forl <j <3and3<i<a-l, 











SG° NGF) 4 8k 427-1)+1, 1<k<i-1, 

‘ 7 and1l<j <2, 

P(wigntigety) = SG—NG42) 4 34 4 9, ie peret 
and j = 3, 


G48) 4 5-3, 1<j <3 and i is odd, 
3i(i+3) 
2 





and f* (inti) = + 3-2, 1<j <2 and i is even, 





3i(i+3) diene aote 
S72; j = 3 and ¢ is even. 


Hence f is an F-centroidal mean labeling of P® for a > 2 and b < 3. Thus the graph P? is an 














F-centroidal mean graph, for a > 2 and b < 3. 





Figure 7 An F-centroidal mean labeling of P? and P? 
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Theorem 2.8 The middle graph M(P,) of a path P,, is an F-centroidal mean graph. 
Proof Let V(Pn) = {v1, v2, U3,°+* Un} and E(P,) = {e; = viviga : 1 <i <n—1} be the 


vertex set and edge set of the path P,,. Then, 


V(M(P,)) = {U1, V2, U3, +++) Un, €1, €2,€3,°°° ,€n—1}, 
E(M(P,)) = {viei, evign 21 <i<n— WU {ee41:1<i<n-—2}. 


Define f : V(M(P,,)) > {1,2,3,--- ,38n — 3} as follows: 


1, 
f(vi) = 


31 — 3, for2<i<n, 


fori =1, 


f(e:) =3t-1, forl<i<n-1. 
Then the induced edge labeling f* is obtained as follows: 


f* (vie:) = 31-2, for 1 <i<n-1, 
f* (eivi41) = 31 -— 1, for 1 < a < n— 1, 
f* (eiei41) = 31, for 1 <i<n—2. 





Hence f is an F-centroidal mean labeling of the graph M(P,). Thus the graph M(P,,) is an 
F-centroidal mean graph. 

















Figure 8 An F-centroidal mean labeling of M (Ps) 


Theorem 2.9 The total graph T(P,) of a path P, is an F-centroidal mean graph for n> 1. 


Proof Let V(Pn) = {v1, v2, 03,°°* Un} and E(P,) = {e; = viviga : 1 <i <n-—1} be the 
vertex set and edge set of the path P,,. Then V(T(P,,)) = {v1, v2, 3,°+* 5 Un; C1; 2; €3,°°* 5 €n—1 
and E(T(P,)) = {vivigi, evi, eeVig1 : 1 <i<n—-1sU {ee41:1<i<n-—2}. 

Define f : V(T(P,)) > {1, 2,3,...,4(n — 1)} as follows: 


f(m1) = 1, 
f(y) = 4i-—4, for 2<i<n, 
f(e;) =4¢-—2, forl<i<n-1. 
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Then the induced edge labeling f* is obtained as follows: 


fF (vivi4a 
f* (ex€iga 
f* (vie: 


f* (eiviga 





Hence f is an F-centroidal mean labeling of the graph T(P,). Thus the graph T(P,,) is an 











F-centroidal mean graph. 








Figure 9 An F-centroidal mean labeling of T(P) 


Theorem 2.10 The square graph P? of the path P,, is an F-centroidal mean graph for n > 1. 


Proof Let v1, v2,V3,°** ;Un be the vertices of the path P,,. Define f : V (Re) — {1,2,3,---,2(n— 
1)} as follows: 


f(v1) =1, 
f(u) = 2i-—2, for2<i<n. 


Then the induced edge labeling f* is obtained as follows: 


f* (wivigi) = 21-1, for 1 <i<n-1, 
f* (wivige) = 21, for 1<i<n-2. 





Hence f is an F-centroidal mean labeling of the graph P?. Thus the graph P? is an F-centroidal 











mean graph. 





4 8 


2 6 10 


Figure 10 An F-centroidal mean labeling of P? 
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Theorem 2.11 The splitting graph S'(P,) is an F-centroidal mean graph for n > 2. 


Proof Let v1,v2,-++ ,Un be the vertices of the path P,. Let v1, v2,-++ , Un, U1, Vd,°°* 5 U}, 
be the vertices of the graph S’(P,,). Let V(S’(P,)) = {ui,v; 21 <i < n} and E(S'(P,)) = 


4 


>) 


{UiVi41, ViVj4 1, UjVi41 2 1 < i < n—1} be the vertex set and edge set of the splitting graph 
S'(P). 


Case 1. nis odd. 
Define f : V(S’(P,)) > {1, 2,3,--- ,3n — 2} as follows: 


4-3, 1<i<2, 
3, i=3, 


f@)= 7 - 
31 — A, 4<i<nand 17 is odd, 
3i, 4<i<n andi is even, 
6, “= 1, 

fw) =4 2, i=2, 


3i — 2, 38<i<n. 


Then the induced edge labeling f* is obtained as follows: 


i+2, 1752, 

Peri) =4 
3i — 1, 3<i<n-Il, 
51 — 4, 1<i<2, 

f*(vitigs) = 4 31-2, 3<i<n—1 and iis odd, 
3i, 3 <i<n-—1 and 7 is even, 
5, i=1, 

en = 2, i= 2, 

f* (ujvigi) = : : ss 
3%, 3<i<n-—1 and iis odd, 
3i — 2, 3 <%i<n-—1 and 7 is even. 


Case 2. nis even. 
Define f : V(S’(P,)) > {1, 2,3,--- ,3n — 2} as follows: 


4 —i, 1<i<Q, 
f(vi) = 37 — 1, 3 <i<n and 7 is odd, 


3i — 3, 3 <i<n and 7 is even, 
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1, 4= 1; 
FOHh St= 8, 2<i<n and i is odd, 
3i — 2, 2<i<n and 7 is even. 


Then the induced edge labeling f* is obtained as follows: 


f* (vivigi) = 31-1, for 1 <i<n-1, 


3%, 3 <i<n-1 and i is odd, 





f* (vijga) = 


3t — 2, 3 <i<n-—1 and iis even, 


3t — 2, 1<i<n-—1 and 17 is odd, 





f(vjvina) = 


3i, 1<i<n-—1 and 17 is even. 


Hence f is an F-centroidal mean labeling of S’(P,,). Thus the splitting graph S’(P,) is an 
F-centroidal mean graph for n > 2. 

















Figure 11 An F-centroidal mean labeling of S’(P7) and S’(Pg) 


Theorem 2.12 The graph P(1,2,---,n—1) is an F-centroidal mean graph for n > 2. 


Proof Let v1,v2,--:,Un be the vertices of the path P, and let u,; be the vertices of 
the partition of Kom, with cardinality m,, 1 <%i<n-—J1and1< j < m. Define f : 
V(P(1,2,---,n-—1)) > {1,2,3,---,n(m—1) +1} as follows: 


f(v) =iG@-1) +1, forl<i<n, 
f (uz) = 1 = 1) + 23, for 1 <7 <7, and 1 <j <n—1. 
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Then the induced edge labeling f* is obtained as follows: 


f* (ui) =iG-1)4+ 9, for l <j <iandl<i<n-1, 
f(uijvign) =? + 9, for <j<iandl<i<n-1. 


Hence f is an F-centroidal mean labeling of P(1,2,...,2—1). Thus the graph P(1,2,...,n—1) 
is an F-centroidal mean graph for n > 2. 














22 





Figure 12 An F-centroidal mean labeling of P(1, 2,3, 4,5) 
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Abstract: Let G = (V,E) be a graph with p vertices and q edges. A graph G is analytic 
odd mean if there exist an injective function f : V > {0,1,3,5--- ,2qg—1} with an induce 
edge labeling f* : E — Z such that for each edge uv with f(u) < f(v), 


fo? -Fw4?] if f(u) £0 
f* (uv) = fle)? w) 
[=], if f(u) =0 


is injective. We say that f is an analytic odd mean labeling of G. In this paper we prove 
that sun graph Sp, prism D,,, helm graph Hy, the graph C7, o P2, banana tree, bamboo tree, 
perfect binary tree, the graph PC, unicyclic graph, the caterpillar P,(no,n1,--- ,m%-1) and 
spider graph are analytic odd mean graph. 


Key Words: Mean labeling, analytic mean labeling, analytic odd mean labeling, Smaran- 


dachely analytic odd mean labeling, analytic odd mean graph. 


AMS(2010): 05C78. 


§1. Introduction 


Throughout this paper we consider only finite, simple and undirected graph G = (V,E) with 
p vertices and q edges and notations not defined here are used in the sense of Harary [2]. 
A graph labeling is an assignment of integers to the vertices or edges or both, subject to 
certain conditions. There are several types of labeling. An excellent survey of graph labeling 
is available in [1]. The concept of analytic mean labeling was introduced in [7]. A graph 
G is analytic mean graph if it admits a bijection f : V — {0,1,2,--- ,p—1} such that the 
induced edge labeling f* : HE — Z given by f*(uv) = ee") with f(u) > f(v) is 
injective. Motivated by the results in [7], we introduced a new mean labeling called analytic 
odd mean labeling in [3]. A graph G is an analytic odd mean if there exist an injective function 
f:V — {0,1,3,5---,2q—1} with an induce edge labeling f* : E — Z such that for each edge 
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uv with f(u) < f(v), 


f(v)?~(f (uw) +1)? ; 

Lyfe") if flu) £0 
f* (uv) = Fw)? 2 | : ( ) 

)5*]. if f(u) =0 


is injective. We say such an f is an analytic odd mean labeling of G. Otherwise, a Smaran- 
dachely analytic odd mean labeling of G if there exists an integer 0 < k < q holding with 
|f—*(k)| > 2, where f~* is the inverse of f*. We proved that cycle C,, path P,, n-bistar, comb 
Py, © Ky, graph Ly, © Ky, wheel graph W,,, flower graph Fl,,, some splitting graphs, multiple of 
graphs, quadrilateral snake Q(n), double quadrilateral snake DQ(n), coconut tree, fire cracker 
and some star graphs, splitting graph spl(G), P,(1,2,3,---,n), the complete bipartite graph 
Km.n; the graph Cy,.© Kn, the square graph of Py, Cn, Bnn, H-graph and H©mkK; are analytic 
odd mean graphs in [4], [5] and [6]. 


We use the following definitions in the subsequent section to prove the results. 


Definition 1.1 A sun graph S, is a cycle C,, with a pendent edge attached to each vertex of a 
cycle C',. 


Definition 1.2 The prism Dy,n => 3 is a cubic graph which can be represented as a Cartesian 
product Py x C,, of a path on two vertices with a cycle on n vertices. 


Definition 1.3 A banana tree is a tree obtained from a family of stars by joining one end 


vertex of each star to a new vertex. 


Definition 1.4 A tree is called a spider if it has a center vertex c of degree R > 1 and all the 
other vertex is either a leaf or with degree 2. Thus a spider is an amalgamation of k paths with 
various lengths. If it has x1’s path of length a1, x2’s path of length az,---. We denote the spider 
graph by SP(a,**, ag*?,-++ ,@m?™) where ay < dg < +++ < Gm and a, +49 +++++ Um = R. 


Definition 1.5 A helm H,,n > 3 is obtained from the wheel graph W, by adding a pendent 
edge at each vertex on the wheel’s rim. 


Definition 1.6 A bamboo tree (Py ® Kin,)k, is an one point union of Py ® Kin, where 
L<i<k. 


Definition 1.7 A caterpillar P,(n1,n2,--- ,n%) ts a tree in which all the vertices are within 
distance 1 of a central path Py fork >1. When k => 2, a caterpillar is obtained from a path 
Pr = uyugug::+: uz attaching n; > 0 pendent vertices vi (1 <j < nj) to each uj. 


Definition 1.8 A perfect binary tree is a full binary tree in which all the leaves are at the same 


level and in which every parent has two children. 


§2. Main Results 


In this section we prove that sun graph S,,, prism Dy, helm graph H,,, path union of n — 3 
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copies of C’,,the graph C,, o P2, banaba tree, bamboo tree, the graph PC;,, unicyclic graph, 
perfect binary tree, the caterpillar graph P;,(no,1,--- ,~-1) and spider graph are analytic 
odd mean graphs. 


Theorem 2.1 For every positive integer n > 3, the sun graph Sy, is an analytic odd mean 


graph. 


Proof Let the vertex set and edge set of the sun graph be V(S;,) = {uj,u; : 1<i< n} 
and E(S,) = {uitiga: 1<is<n-lUU{wu: 1<i<nbU {unui} 
Now |V(G)| = 2n = |E(G)|. We define an injective map f : V(S;,) > {0,1,3,5,--- ,4n—1} by 
f(ui;) = 2t-1 for 1 <i<nand f(v;) = 2n+2i-1 forl<i<n. 

The induced edge labeling f* is defined as follows: 

f* (uimi41) = 20+1 for l<i<n-1, 

f*(u1Un) = 2n? — 2n-1, 

f* (uss) = 2n(n — 1) + 20(2n —1) 4+ 1 for l<i<n. 

We observe that the edge labels of u;u;41 are 3,5,---2n — 1 as 7 increases and the edge 
labels of u,v; are increased by 4n — 2 as 7 increases from 1 to n. Hence all the edge labels are 











distinct and odd . Hence S,, admits an analytic odd mean labeling. 





An analytic odd mean labeling of Sg is shown in Figure 1. 
31 17 





Figure 1 


Theorem 2.2 For every positive n > 3, the prism Dy, is an analytic odd mean graph. 


Proof Let the vertex set and edge set of the prism be V(D,) = {ui,u;: 1<% <n} and 
E(Dn) = {uitinn, Vivigan ? L<i<n-IWYUf{uw: 1<i<nbU {unvi, vnvi}. Now |V(D,)| = 
2n and |E(D,,)| = 3n. We define an injective map f : V(D,) — {0,1,3,5,---,6n — 1} by 
f(u;) = 2-1 for 1 <i<nand f(vj) =2n+2i-—1 forl<i<n. 
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The induced edge labeling f* is defined as follows: 


We observe that the edge labels of ujuj+1 and vjvj+1 are 3,5,...,2n —1 and 2n4+ 3,2n+ 
5,°+: ,2n+2n—1 = 4n-—1 respectively as 7 increases and the edge labels of u,v; are increased 
by 4n — 2 as 7 increases from 1 to n. So all the edge labels are distinct and odd. Hence D, 
admits an analytic odd mean labeling. 














An analytic odd mean labeling of Dg is shown in Figure 2. 





25 
Figure 2 


Theorem 2.3 The helm graph Hn, n > 3 is an analytic odd mean graph. 


Proof Let V(AH,) = {v,vi,u; : 1 <i < n} and E(A,) = {vvi,u;u; > 1 <i <nbu 
{vivigg 2 1 Si < n-—1}U {unvi}. Now |V(G)| = 2n+1 and |E(G)| = 3n. We define an 
injective map f : V(G) — {0,1,3,5,--- ,6n— 1} by f(v) =0, f(vj) = 4¢ -— 3 for 1 <i <nand 
f(u) =4n4+ 2i-1 for 1 <i<n. 

The induced edge labeling f* is defined as follows: 


*(vu;) = 817 — 121 +5 forl <i<n, 

UVie1) = 121-1 for 1 <i<n-1, 

Unv1) = 8n? — 12n 4 8, 

*(ujus) = 4n(2n — 1) — 6i(¢ -— 1) + 8ni-—1 for 1 <i<n. 


* 


Ha 
f*( 
c( 
cag 
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We observe that when 7 increases, the difference of edges v;u; are decreased by 12. Clearly 
all the edge labels are odd and distinct. Hence H,, admits an analytic odd mean labeling. 














An analytic odd mean labeling of Ho is shown in Figure 3. 





Figure 3 


Theorem 2.4 The graph PC,,(n > 4 and n is even) is obtained from Cy, = v1v2°++Unvi by 
adding the chords v; and Un—i42 for 2 <i <1 where 1 = n/2. Then the graph PC, is an 
analytic odd mean graph. 


Proof Let G = PC. Let the vertex set and edge set of G be V(G) = {u;,: 1<i<n} 
and E(G) = {ujuigi : 1<i< n—-—I1}U {vjn-i4g : 2 <i < IU {u,v}. Then there are 
n vertices and 3n/2— 1 edges. We define an injective map f : V(G) = {0,1,3,---3n — 3} by 
f(u) =2i-1 forl<i<n. 


The induced edge labeling f* is defined as follows: 

f* (vivigi) = 2i+1 for l <i<n, 

f*(Unv1) = 2n? — 2n—-1, 

f* (Uitn—it2) = 2n(n + 3) — 2i(2n + 3) +5 for 2<i<. 


It can be easily verified that f is an analytic odd mean labeling and hence PC, is an 
analytic odd mean graph. 














An analytic odd mean labeling of PCj9 is shown in Figure 4. 
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Figure 4 


Theorem 2.5 Let G be a unicycle graph with a cycle Cy = a,a2-+-aza, such that the vertex 
a; is attached to ny; pendent vertices. Then the unicycle graph admits an analytic odd mean 
labeling. 

Proof Let V(G) = fa;, a >: Ll<i<kand1 <j < nj} and E(G) = {ajaiz1: 1< 
ti<k-1}U faa! >: 1<i<kand1 <j < nj} U {azar}. We assume no = 0. Hence 
[Vl =n tnot-:-tn,t+k=|E|. 

We define an injective map on the vertex set by f(a;) = 2i—1 for 1 <i < k and 
f(ai) =2k-—142>% on, +25 forl <i<kand1l<j <n. 

The induced edge labeling f* is defined as follows: 


f* (aiaig1) = 2i+1 forl<i<k—-1, 

f* (axa) = 2k? — 2k -—1, 

f* (aad) = 2(k? + 9? — #7) + 2002) me)? + 2(2k +29 — 1) IT) me + 4g — 2( +9) +1 for 
l<i<kand1l<j7< nj. 





Clearly the edge labels are odd and distinct. Hence the unicycle graph admits an analytic 











odd mean labeling. 





An analytic odd mean labeling of the unicycle graph with k = 6 is shown in Figure 5. 





31-29-27 205 


Figure 5 
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Theorem 2.6 The caterpillar Py(no,n1,-++ ,N~-1) is an analytic odd mean graph for k > 
2, Ni; > 0. 


Proof Let V(G) = {u,v : O0<i<k—-—land1<j <n} and E(G) = {u;-14,: 1< 
i<k—-1U {yyw : O0<i<k—-—land1<j<n,}. Hence |V| = np +n +...+ng,4+k and 
|E| =no +n. +---+n, +k —1. We define an injective map on the vertex set. by 





f(vo) =0, fi) = 2t-1forl<i<k-1, 

f(vg) = 2k +27 —3 forl<j< mi, 

fv?) = 2k —34+25%7 om, +29 for 1 <i<k—Land1<j<m. 
The induced edge labeling f* is defined as follows: 


f*(uj-10;) = 21-1 for 1 <i<k-1, 

f*(vovg) = 2k(k 3) + 27(j —3) + 4kj +5 for 1 <j <ni, 

fr(vjvt) = [ (2-34 20525 me +2 — 24) (2h -3+2>c5m 1254 2i) ! 1| 2 for 
1<i<k-land1l<j<n. 











Clearly the edge labels are odd and distinct. Hence P, (no, 11, ...,Nk-1) admits an analytic 














odd mean labeling. 


An analytic odd mean labeling of P5(3,2,1,5,4) is shown in Figure 6. 


0 | 3 5 7 
\ 37 
9 13 15 17 19 21 3 soe 31 3335 
11 
25 
Figure 6 


Theorem 2.7 The graph C), 0 P2 is an analytic odd mean graph. 


Proof Let G be the graph Co Po. Let V(G) = {u, vi 1, ¥i2: 1<i<n} and E(G) = 
{ovign: Lis n- TU {onvi} U {i04,1, vi0i,2, Vi1Vi,2: 1<t<n}. Now |V(G)| = 3n and 
|E(G)| = 4n. 

We define an injective map f : V(G) — {0,1,3,5,--- ,8n—1} by 

f(u) =2i-1 forl<i<n, 

f(via) = 4i+2n-3 forl<i<n, 

f(vi2) = 4+ 2n-1 forl<i<n. 





The induced edge labeling f* is defined as follows: 


* 


f* (vivigi) = 2i4+1 forl<i<n-1, 

f*(Unv1) = 2n? — 2n +1, 

f* (vyvia) = 6i(i — 2) + 2n(n — 3) + Bnt +5 for 1 <i<n, 
f* (uivi,2) = 2i(87 — 2) + 2n(n — 1) + Bni+1 for 1 <i<n, 
f° (vi 


* 


1Ui,2) = 41+ 2n—-—1 forl<i<n. 
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Clearly the edge labels are odd and distinct. Hence C;, o P2 admits an analytic odd mean 
labeling. 














An analytic odd mean labeling of C5 o P2 is shown in Figure 7. 


11 13 13 





23 21 
Figure 7 


Theorem 2.8 Let Kin,,Kin,°-+,Kin, be a family of stars with verter sets V(Kin,;) = 
{aj,a},a2,+>- ays and deg(a;) =nj,l <j <k. Let BT(m,ne2,---,nx) be a banana tree 
obtained by adding a new vertex a and joning it to aj,ax,a4,--- ,a,. Then BT (ni, n2,--- , nk) 
admits an analytic mean labeling where nj 1s any positive integer. 

Proof Let the vertex set and edge set be V = {a, ay, a" :1l<jg<kl<r< nj} and EF = 
{aa} :l<j< k} U {a;a" :1l<jg<kl<r< nj} respectively. We assume no = 0. Hence 
\Vlp=nyt+ngt---tnp +k +1 and |E| =nitnot--- +n, +k. 


We define an injective function f on the vertex set of banana tree as follows : 


f(a) =0, f(aj;) = 27-1 forl<j<k, 
f(at) = 2k - 1423975 ni + 2r for l <r <njl<j<k. 





The induced edge labeling f* is defined as follows: 


j-1 j-1 j-1 
f* (ajay) = 2(k? +r? — 9?) +205 re + F)(Qk-14+ 5) 4) +27 >>, - 2k +1 
1=0 1=0 1=0 


forl<r<nj,l<j<kand 





v4 2 
(2k 14230} mi +2) + | 
5 
j-1 Fl 
2h(k +1) +25 > ni(2k+1) +205) ni)? +1 


i=0 1=0 


fr(oa}) = 


1 


I 
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for l<j<k. 


Clearly the edge labels are odd and distinct. Therefore f is an analytic odd mean labeling 














and hence the banana tree is an analytic odd mean graph. 


An analytic odd mean labeling of BT(3,5,6,4) is shown in Figure 8. 


17 19 





Figure 8 43 


Theorem 2.9 Let Kyn,,Kin2,°°+ , Kin, Kir be a family of stars with vertex sets V(Kin;) = 
{vr >: O<r< nj} and deg(v}) =n,;, forl <j <k,V(Ki.x) = {v,v1,v2,---, ur}. The bam- 
boo tree (Pz ® Kin,) for 7 = 1,2,...,k is obtained by joining the vertex v1,V2,..., UR with 
Ui, Ug,7°+ » Uz respectively. Clearly the number of vertices and edges of the bamboo tree are 
ny tng t--- +n, +k +1 andnyt+not+...+np, +k respectively. Then the bamboo tree 
(P2® Kin,) for j =1,2,--+,k is an analytic odd mean graph. 

Proof Let the vertex set and edge set be V = {v, Uj, 05 > 1<j<k,0<r< nj} and 
B= {o02 Ls9 Ss k}U {u,v} :1l<j< k}U {voor > 1<j<kl<r<nj} respectively. We 
assume No = 0. Hence |V| = ni tno +...+n¢+2k41 and |E] =n, +nog+---+ng + 2k. 


We define an injective function f on the vertex set of bamboo tree as follows: 
f(v) =0, f(vj) = 27 —1lfor l<j <k, 

f(vt) = 4k —14250775 nj + 2r for l<r<nj,l<jK<k, 

f(v?) = 2k +27 -1 for 1 <j <k. 





The induced edge labeling f* is defined as follows: 
f*(vu;) = 29? — 27 +1 for 1 <j <k, 
2 
f*(vjvj) = | (4k + 1+ NS ni) + 1 +2—27? forl<j<k, 





2 
f*(v}v5) = [(ae- 1420 nit 2r) | 1 ~ 2—2(k* + j*) —4kj for 1 <r<nj,1< 
JSR. 


Clearly the edge labels are odd and distinct. Therefore f is an analytic odd mean labeling 











and hence the bamboo tree is an analytic odd mean graph. 
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An analytic odd mean labeling of (P2 ® K1,n,) for j = 1,2,3,4 with ny = 5,n2 = 4,n3 


3,4 = 7 is shown in Figure 9. 





31 


v3 


Figure 9 


Theorem 2.10 The perfect binary tree T of order p is an analytic odd mean graph. 


Proof Let V(T) = {u,: 1<2%< p} and E(T) = {viva vivaigi : 1 <i < q/2}. Hence 
|V| = p and |E| = p— 1. We define an injective map f : V(G) = {0,1,3,---,2p—3} by 
f(v1) =0 and f(v;) = 2i — 3 for 2<%<p. The induced edge labeling f* is defined as follows: 


* 


(vjv2) = 1 
*(u1v3) = 5, 
*(vjva;) = 67? — 81 +3 for 2<i < q/2, 
*(vjvoi41) = 617 — 1 for 2<i< q/2. 
We observe that the difference of edge labels of vjv2; and v;v2i+1 is 87 — 4 as 7 increases 
from 1 to $. Therefore the edge labels are odd and distinct. Hence the binary tree admits an 


f 
f 
f 
f 














analytic odd mean labeling. 


An analytic odd mean labeling of T of order 15 is shown in Figure 10. 





Figure 10 
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Theorem 2.11 The spider graph SP(1",k™),n > 1, and k,m > 2 is an analytic odd mean 
graph. 


Proof Let V(SP(1",k™)) = {v}U{wa,: 1<a<n}uf{vl: 1<i<kand1<j<m} 
and E(SP(1",k™)) = {vv}, viv}, >: 1l<i<k-landl<j<m}Uf{vwa: 1<a< nt}. 
We define an injective map f : V(SP(1",k™)) — {0,1,3,5,--- ,2(km +n) —1} by f(v) = 
0, f(v?) = (j —1)2k 4+ 21-1 for 1 <i<k,1<j< mand f(wa) =2mk+2a—-1 forl<a<n. 
The induced edge labeling f* is defined as follows: 


f* (vy) = 2k(j — 1)(A(G - 1) +1) +1 forl<j<m, 

f* (vui.1) = 2kG -— 1) + 2141 for 1<i<k—landl<j<m, 

f* (vwa) = 2mk(mk — 1) + 2a(a — 1) + 4mak +1 for l<a<n. 

It can be verified that the edge labels are odd and distinct. Hence SP(1", k”) is an analytic 


odd mean graph. 

















An analytic odd mean labeling of $P(1", 6°) is shown in Figure 11. 





Figure 11 


Theorem 2.12 The spider graph SP(2",k™),n > 1,k,m > 2 is an analytic odd mean graph 
if (a) k is even and m is any integer and (b) k is odd and m is even. 


Proof Let V(SP(2",k™)) = {v} U {wai,Wa2: 1<a<n}u {vi :1l<i<kandl<j< 
m} and E(SP(2",k™)) = {vv}, fut, : Ll<i<kansl <j < m}U {vwa1,WaiWaz2: 1< 
a <n}. We define an injective map f : V(SP(1",k™)) — {0,1,3,5,--- ,2km + 4n — 1} by 
f(v) = 0, f(v?) = (§ —1)2k 4+ 2-1 forl <i<k,1<j<m; f(wa1) = 2mk + 4a— 8 for 
l<a<nand f(wa2) =2mk+4a-—1 forl<a<n. 

The induced edge labeling f* is defined as follows: 





vvl) = 2k(j — 1)(k(j - 1) +1) +1 for 1 <j <m, 
J 
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It can be verified that the edge labels are odd and distinct. Hence SP(2”", k”’) is an analytic 
odd mean graph. 














An analytic odd mean labeling of S$ P(2",5+) is shown in Figure 12. 
2mk + 4n— 3 2mk + 4n—1 





Figure 12 


Theorem 2.13 The spider graph SP(1°,2",k™),n,s > 1,k,m > 2 is an analytic odd mean 


graph if (a) k is even and m is any integer and (b) k is odd and m is even. 


Proof Let V(SP(1°,2",k™)) = {v} U{wa1,Wa2: 1<a<ntu{el: 1<i< 
and 1 < j < m$}U{u,: 1< r < s} and E(SP(1°,2",k™)) = {uv} viv 2 1 
t<kandl <j < m}U {vwan,WaiWaz2: 1 < a < n}. We define an injective map 
f: V(SP(1",k™)) > {0,1,3,5,---,2km + 4n + 2s — 1} by f(u,-) = 2mk + 4n + 2r — 1 for 
1<r< sand f(v), f(v’), f(wa1) and f(wa.) are defined as in Theorem 2.12. Then the 


a 


induced edge labeling f*(vv/), f*(v! Jui) f*(vwar) and f*(wa,1Wa,2) are as in Theorem 2.12 


lA > 


and ; 
ss 2mk + 2r+4n—1)° +1 
fF (vup) = Camb eens inet 
forl<r<s. 
It can be verified that the edge labels are odd and distinct. Hence SP(1*°,2",k™) is an 


analytic odd mean graph. 














An analytic odd mean labeling of SP(1%,2”,3+) is shown in Figure 13. 


2mk + 4n — 3 2mk+4n—-—1 





2mk + 4n+1 


2mk + 4n+3 


2mk+4n+2s—1 1 3 5 


Figure 13 
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Famous Words 


The reality of a thing T is the behavior with motivation of an abstracted complex network 
in the microcosmic level. Certainly, there are more microcosmic observing datum on the units, 
cells or microcosmic particles of matters by scientific instruments. A microcosmic science is such 
a science established on the microcosmic datum of matters, including theory and experimental 
subjects, which must be established over 1-dimensional skeleton or in other words, topological 
graphs. Could we establish such a mathematics over topological graphs for microcosmic science? 
The answer is positive inspired by the traditional Chinese medicine, i.e., 12 meridians theory. 
(Extracted from the paper: Science’s Dilemma - a Review on Science with Applications, 
Progress in Physics, Vol.15, 2(2019), 78-85.) 
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